NASA Technical Memorandum 58239

Scaled Runge-Kutta Algorithms
for Treating the Problem
of Dense Output

(NASA=TM=53239) SCALED RUNGE=~KUTTA N82=21967
ALGORITHMS FOEK TREATING THE PROBLEM OF DENSE
OUTPUT (NASA) 76 p HC AOS/MF AO1  CSCL 12A

Unclas
G3/64 09483

M. Kathleen Horn
National Research Council

Lyndon B, Jobnson Space Center
Houston, Texas

Nationzi Aeronautics and
Snace Administration

Sclentific and Technical
Intormation Branch

1982




i e cmam s n

N ASA Technical Memorandum 58239

A

Scaled Runge-Kutta Algorithms
for Treating the Problem |
of Dense Output |

M. Kathleen Horn

"

March 1982 !

- s b e

National Aeronautics and

Space Administration

Lyndon B. Johnson Space Center
Houston, Texas




PRECEDING PAGE BLAMNK NOT FILMED

CONTENTS
Seatlon
SUMMARY o o . ¢ ¢ o o o o o 0 0 o 6 0 0 06 8 0 0 ¢
INTRODUCTION 4 4 o o o o o ¢ ¢ ¢ ¢ 6 0 ¢ 6 0 o o o
THE SCALED RUNGE-KUTTA ALGORITHM .+ & ¢ ¢ o o« ¢ o
THIRD-ORDER SCALED ALGORITHMS FOR RK(2)3 FORMULAS .

FOURTH-ORDER SCALED ALGORITHMS FOR THE RKF(3)4 FORMULAS

FOURTH- AND FIFTH-ORDER SCALED ALGORITHMS

FORTHERK(“)SFORMULAS..............

EMBEDDED THIRD-ORDER SOLUTIONS AT NO ADDITIONAL

DERIVATIVE EXPENSE + 4 4 « o ¢ o o o o ¢ o o o o o
APPLICATION OF THE SCALED ALGORITHM « + « ¢ « o o &
CONCLUSIONS & o o ¢ ¢ o o o o o o o o s o 0 o o o s
REFERENCES « o o o o ¢ o o o o ¢ o 0 o o o s o o s

114

Page

e O n

10

15
17
19
20

St .




Table

II

1II

IV

TABLES

Page

COEFFICIENTS FOR RKF(Z2)3 ACCORDING TO
FEHLBERG (REFs 3) ¢ v o v v v o 4 0 o 0 o 0 o o o o o o o o 21

COEFFICIFNTS FOR RKT(2)3

(a) Unscaled algorithm according to Bettis « . . , . . . o 22

(b) Scaled QlgOrithm « v o o 4 o o o o o o o o o 4 ¢« o s e 23
TRUNCATION ERROR COEFFICIENTS FOR RUNGE-KUTTA ALGORITHMS

THROUGH ORDER FIVE v 4 4 ¢ 4 o o o o o o o o o o 4 v e e 33
COEFFICIENTS FOR RKF(3)4

(a) Unscaled algorithm « o v v o o o o o o o o o o o o & » 35

(b) Scaled alsorithm ¢ 6 o 0 & 0 6 6 2 . s 6 8 e 0 6 s e o 36
COEFFICIENTS FOR THE RKF(4)5
(a) Unscaled six-stage, fifth-order algorithm . . . . . . 46

(b) Scaled, four'th-ot"det‘ algol"ithm ® 6 0 & 06 0 o 6 ¢ o o @ u?
(0) Soaled, fifth-or‘det‘ algorithm ® & & 6 & B+ ¢ & 0+ o o o 57

iv




SRR D s S it E T s

b

SUMMARY

The problem of dense output during the numerisal gdolution of an ordinary
differential equation, using a Runge-Kutta algorithm, can severely reduce the
effiolency of the integration method. A set of scalad Runge-Kutta algorithms
for the third- through fifth-orders are developed to dotermine the solution at
any point within tho integration step at a relatively small increase in com=
puting time. Eaoh soaled algorithm is designed to be used with an exlsting
Runge-Kutta formula, using the derivative evaluations of the defining algorithm
along with an additional derivative evaluation (or.two). Third-order, scaled
algorithms are embedded within the existing formulas at no additional deriva-
tive expense. Such algorithms ocan be easily adapted to generate interpolating
polynomials (or dependent variable stops) efficiently.

INTRODUCTION
The Runge-Kutta algorithm, designed to treat the initial value problem

f-"% = £lt,y) , ¥(to) = yo (1)

where y 1is an n-veotor, is an explicit single-step algorithm. A linear combi-
nation of derivative evaluations to approximate a truncated Taylor series is
used. These algorithms are frequently used in solving the ordinary differen-
tial equation (ODE) because of their high accuracy and simplicity. For Runge-
Kutta methods to perform efficiently, however, the algorithms must be operated
at an optimal step size that is consistent with the truncation error criteria.

. A significant reduction in efficiency may be encountered if frequent data

output is requested. This difficulty arises because the Runge-Kutta algorithm
determines the solution only at the end points of the integration staps; thus,
the step size must be reduced to coincide with the requested output points.
Shampine, Watts, and Davenport (ref. 1) have shown, however, that reduction of
the step size by this procedure seriously impairs the efficiency of the method;
i.e., the efficiency of the Runge-Kutta algorithm depends on the ability to use
large step sizes whenever permissible during the solution of the ODE. (Unlike
the multistep methods, a backlog of solution points for an interpolating polyno-
mial is generally unsatisfactory. This is due to the large step sizes used by
the Runge-Kutta methods, which provide too wide a spacing for an accurate
interpolating polynomial.)

An alternate procedure for data determination may be developed. This pro-
cedure allows the Runge-Kutta algorithm to be operated by using a near-optimal
Step size while still providing the solution at an intermediate point for only
a slight increase in expense. Such a procedure, first developed for Runge-
Kutta-Nystroem methods (ref. 2), involves the development of a companion
algorithm of equivalent order, using the function evaluations of the basic
algorithm plus an additional evaluation (or two). The new scaled algorithms
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giva the solution vector at an intermediate point t = t, + h* where h* = an
with 0 as some positive scaling paramoter usually lesa than unity. For each
aat of coefficionts in a Runge~-Kutta formula, a family of scaled algorithms
exists with varying values of o, These values muat be used in conjunction

with their particular defining set of coafficlents, or the efticlency foaturcs
of the now algorithms are waaced.

The derivation of the scaled algorithms and a list of coefficients for
varying valuas of o ape presented for tho embedded pairs oP'Runge-Kutta
third=- through fifth-order formulas devoloped by Fehlberg (ref. 3) and another
third-order formula, RKT(2)3, by Bettis.! The coefficients listed in table V
have been generated in double preciaion 6n the Univac 1110 system and verified
by the subroutine RKEQ,2 which evaluates truncation error goefficients through
the 12th-order for Runge-Kutta methods. These scaled Runge~Kutta coeffic.ents
have been copied directly from the generating programs into a large computer
processing system for reproduction. Similarly, the scaled coefficients liséed
in rational form hav : been computed with the aid of a rational arithmetid pack
age and verified by subroutine RKEQ before being copied into the word proces-

sing system. A discussion of the implementation of the new algorithms is
included.

A
THE SCALED RUNGE-KUTTA ALGORITHM

The basic Runge-Kutta algorithm of order p for the solution of equation
(1) assumes the form

['.
Y(to + h) 2 y9 + O(WP*!) = yo 4+ h B Cp £ + O(nP+Y) (2a)
K=0
where
fo s f(to,yo) (Zb)
and v
K1
=0

'Private communication.

2M. K. Horn: A Computer Program for Determining Truncation Error Coefficients
for Runge-Kutta Methods. JSC IN 80-FM-13, Feb. 1980.




for ¥ = 1,2,,..0 where the @, B, and C ogoefficients were aeleated mo
that the algorithmia solution ¥1 1a equivalent to a Taylor sum of order P
Specifiocally, comparing the Taylor series expanaion ef the algorithmic molye
tion to the Taylor serica expanaion of the solutlen vector (term by term), re-
aulta in several error aoceffiaienta (Ty 4) for each order 1. For an algorithm
to be of order p, all errer aceffiaients muat vanish for 1 = 1,2,,.,.,p.

Theme vanishing terms are referred to as equations of condition and are the
conatraints for dotermining the a, B, and C aoefficients, (The non=
vanishing error coefficients far isp+ 1 dre also of interest because

they represont how olosely the algorithm approaches a method of the next

higher order.) The equations of condition are developed with the additional
assumptions that

Ke=1

L Bep = o (3)
A=0

for k = 1,2,..44p, which define the Bg,o coeffinients,

The development of the scaled algorithm requires knowledge of the
defining algorithm because the new methods use the basic coefficients and
the derivative evaluations as the core of their own system. In the scaled
algorithm, it is assumed that an acceptable step of length h has been taken
(l.e.; £4, f2y+4¢y f5 have been evaluated and the solutiog has been deter-

mined at t = ty, + h), and now the solution at t = ty + h* should be deter-
mined, where

h.zoh (4)

with o as some scaling factor where, generally, o € (0,1). The new scaled
Runge-Kutta algorithm assumes the same form as the basic Runge-Kutta algorithm
with the solution and cocfficients denoted by

. so* o &
Yir2¥ +h I C¢ fe (5a)
K=0
where
|
fo 8 f(togyo) (5b)
and
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fk ] f to + aKh ' yo + h Azo BK.A fx (50)
&

for Kk = 1.8,....9'. If the oY and B' aoaffiaienta can be chosen such
that.

L
PK 8 fK (6)

for k = 1,2,...,p, then the expense of applying the scaled algorithm will be
minimal because f'4, £2) vee fp have already been computed. Comparing equa-
tions (2b) and (20) to equations (5b) and (5c¢) show that

" L]
fo s fo and fk =‘fK if

o h =ach (7a)

anc

] ] '
Be,a b = Be,a h (7b)

» »
for K = 1,2’000,0; A= 0,1,00.,K-10 Thus, Only rp*1, soe fb. need to be
computed. (While a third-order algorithm exists, requiring no additional de-
rivative svaluations, a more accurate third-order formula may be derived by
using one additional evaluation. For the fourth-order algorithms, one addi-
tional evaluation is needed (p* = p + 1). For the fifth-order algorithms, two
extra evaluations are necessary (p* = p + 2) for a fifth-order solution, al-

though a fourth-order solution may be obtained for only one additional
evaluation.) But because h* = g h,

. g
O 20 / O (8a)

and

]
BK,X e BK,A /o (8b)




for K & 1,200,038 A 8 0,1,000k~1,  Thus, many of the coeffiaienta far each
soaled algorithm are already determined by baing relaled to their sorresponding
acafficients in the defining algarithm by a faator of 1/g.

As in the davelopment of Runge-Kutta algorithma, the equations of condi=-
tion for tho sealod motheds may be solved with ene or more valuen of the
11' onr B' conffialants as freo paramotera, The main oriterion for aelooting
these parametors io the minimization of the norm of tho error aceofficients for
the firat nogleatod torm in the Tayler sorics oxpannion. More spooifically,
tho accuracy of an algoerithm of ordor p may bo improvod by roducing the errar
coaefficients for order p+1 8o that

.. Apel 0 172 p+1
09*1 g J81 Tp*“’d (o] (9)
2

approaches a minimum, where Ap,t 18 the number of érror coefficients of
order p+1. As in the Runge-Kutta algorithm development, however, secondary
conditions such as moderate bounds on the coefficients, show that near-optimal

values of 0;*1 may p:oduoe algorithms that are more efficient than the
algorithm for which Gp,q minimum is aohiezed. Thus, in selecting the free
parameters, algorithms having a value of Gp+1 close to Cp+1 minimum are
studied, but it is not demanded that G;*1 minimum be reached.

The stability properties of the Runge-Kutta algorithms are also of con-

cern in the development of the coefficients. The stability analysis, applied
to the single, linear differential equation

y' =AYy
determines the largest value of the step size h for which errors in the solu-
tion are not amplified by the algorithm itself, where )\ is any eigenvalue of
the Jacobian matrix {%350 of equation (1) with A ocomplex. For an algorithm
y

of order p and a given )\, the step size h is restricted by the polynomial

*
P K p +1 L]
pon) = 5 AR L Ty e am¥ (10)
k=0 k! kep+1
5
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where |4 ® depaenda upon the q', ﬂ“. and c" aoafficionts (ref. 4), Far

the algerithm to be atable, |P(Ah)[ < 1. Of partioular intersst arg Lhe

pointa at which tge atabllity ourvea aroas the negative real axia R" and the ‘4

imaginary axia 1%, 1In daveloping the aoaled algorithma, oare should he taken 1
|

to maintain reasonable stabilit hounda; although, if the solution ia not
advanoed from the point to +

tho acaled algorithm would aff
eomputations,

h", tho amplification during the atep taken by
eat only the immediate output. and not the further

i THIRD-ORDER SCALED ALGORITHMS FOR RK(2)3 FORMULAS

|
Coeffioionts for the RKF(2)3 algorithm (ref. 3) aro found in tably I while

those for the RKT(2)3 algorithm having lower truncation error coefficionty, are
- listed in table II. These paired formulas may be used with either order. The
3 solution formed with the ¢ coefficients is of the lower (second) order, and
the solution formed with the coefficionts 18 of higher (third) order. (The
diff'erence between the two solutions gives an estimate of the local error that
forms the basis for the gtep-size control of the defining algorithm., Because
this step-size estimate is already available, only one scaled solution is deter-
mined, which is of the higher order.) By inserting one additional derivative
evaluation, a fourth-order, scaled algorithm may be generated (although errors
of the third orcer will be present because of the solution obtained by the
defining Runge-Kutta algorithm.) An alternate solution, presented in the sec- :
tion entitled "Embedded Third-Order Solutions" generates a third-order, scaled .
algorithm at no additional derivative expense. Because of the lack of free i
parameters, no control may be exercised over the truncation error coefficients; ]
henee, this scaled algorithm may not be a particularly suitable third-order

method. For this réason; the scaled algorithm requiring one additional deriva-
tive evaluation is presented.,

L el = . msmcahea

The assumptions employed in solving the equations of condition for the
third-order algorithm (table III) are

» * ] P }
P2,1=B2,10a1 =2a2 /2 (11a) ;
. * * o 4 e |
: P3,1 2 83,101 + B3,200 = a3 / > (11b) |
!
and
. . . " 0 . . "2
Py,1 = By,101 + By, 202 + By,303 = ay / 2 (11e)

R LR
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along with Cy = 0 . (During the development of the defining algorithm, equa-
tiona (11a) and (11b) (without #) were imposed and, thua, are valid in the
aoaled uyatem‘ Othggwiaa. auah aasumptions aould not be arbitrarily impased
because the A" ard BY ocoefficlents involved are already dotermined,)

] "
Tho parametorn for aonstruoting the sealod algorithma are Ay, Bq'1,

" "
By .2, and Bu'ga that 18, the remaining coofficients are olthor sealed

valuoa of tho defining eeofficionts or, an 1n'tho easo of the c" eooffiolonta,
aré doterminod from these paramotors. The C°  ocooffieients may be written as

' I " ] O N N
Co = (174 = (ag + ay)/3 + a3 ay/2) / (ap (ap - a3z)(ay - ay)) (12)

] *
with €y and Cy determined by permuting indices, and

" . e 0

j Co=1~(Co+ C3+ Cy) (13)
,_ﬁ‘: *
e The By, coefficients are
£ " " ") »
= Bu"] = =(Cy Bp,1 + C3 33’1)/(31; (14a)
3 ] B. 2 0( "2 B‘ c)
» Py - By g0y - ag(ay /2 - By 4%
g B2 & 2 ’ (14b)
a aj(a) - ay)
. 2 2 3
f: and
E . B. ®$2 o w2 B. 0)

y Py,2 = By 199 = op(0y /2 - By, 104
By, 3 5 —e . ’ (14c)

. o*a* - oy
‘" 3 3
3;
r 7
-
.




where

(I} o
Pu‘g a (112 ~ Ca 32'131

u? "V .

LN L]
" 03(33'101 + 63’;{‘9 )) /Gy (15)

"
with Bu'g camputed from equation (3), ALl other paramotora are determinad
by the gonerating Aot of coofficients using equations (Ra) and (Bh). The aolu-

]
tion of tho oquationn of conditien is thon achioved with ®4  pomnining as a
freo paramotor. While tho mealod algorithm for the RK(2)9 1in anotually of fourth
ordor, tho defining aleorithm in of third=-ordor acouracy (or nooond, 1f tho
lowor-order solution ia used), and hencoe, tho scaled solution will only be as
acourato as tho computed solution at t = tor but at least additional orrors

)
due to the scaled algorithm will be of higher order. Boecauso Gy = 0, the
[ .
value of Oy is selected to reduce G5 (eq. (9)), involving fifth-order orror

%
ooeffigients Tg,J» and to ensure reasonable magnitudes on all 0', 3',
and C' ocoefficients (as far as possible). These error coefficionts are rela-

"
tively insensitive to changés in ®y for both the RKF(2)3 and the RKT(2)3

]
formulas. Considering the RKT(2)3 formula, a near minimal value of G5 is

" "
achieved by selecting @y = 0.60 for O € (0.00, 0."5], or % = 0,50 for
. » .
O € (0.45,0.70], %y = 0.30 for O & (0.70, 0.85), or %y = 0.10 for
] *
0 € (0.85,1,00)., While G5 1is nearly minimal for @y = 0.60 for

*
O € (0,00, 0.65] or @ = 0.50 for O € (0.65, 1.00) for the RKF(2)3 scaled
algorithm, a scaled solution with accuracy equivalent to that of the defining
algorithm may be achieved at no additional derivative expense. (See seotion
entitled "Embedded Third-Order Solutions".) Therefore, the scaled RKF(2)3 with
one additional derivative evaluation is not recommended. Values of the scaled

coefficients for various values of O ape found in table II(b) for the RKT(2)3
algorithm,

FOURTH-ORDER SCALED ALGORITHMS FOR THE RKF(3)4 FORMULAS

The solution of the fourth-order; scaled RK algorithms is quite similar
to that of the scaled RK(2)3 methods. Coefficients for a four-stage, fourth-
order RK algorithm with an embedded third-order sethod for orror estimation
(denoted as RKF(3)4), are presented in table IV(a). The construction of the
Scaled algorithm for these coelficients requires only one additional deriva-
tive evaluation. Equations (11a), (11b), and (11¢) are imposed along with

-
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Ao
I Bg g0y wag /2 (16)

]
PB" ) i=1

] ]
and Cy s 0, The free parametera for thim algorithm are @p and af%“' All
other coefficients are determined from exiating eoefficients uaing equationn
(8a) or (8b), or from the equations of condition.

The Ci ooeffieionts may be written as

] 4 )
Cist ® J81(a1,d /(310 49)) (17)
-]

for 1 =21, 2, 3, and 4, where the ajy,§ ocoeffioients are determined from
the Lagrange polynomial:

n
ne (X = Uy)

n
Li(x) = kal s I ay, 3 X A (18)
n J=1

L (TP T
ket MWk

* ]

.
where n = 4 and where the defining set M = {My,..., My} = {65, a3, @)
with ' denoting k # 1.

)
’ QS}

]
The unknown Bg ) coefficients may be written as

" 4 | N [ )
B5,02~| 2 CyBy ]/ Cs (19)
3a1
M ' "« &
Bg,2 = (Kz = Ky @3) / G5 (0 - O3) (20)

and

W




. ] I T |
B5,3 ® (K2 = Ky ag) / o3 (a3 - ap) (21)

The Ky, 1=1,2 are defined by

# " ul . "
Ky = Pg 4 = B5,1 a1 = B5,4 a4

with
] 4 | N L
Ps'a s (1712 = % Ciy Py,2) / Cq (22)
J=2
* j=1 @ #2

.
Then Bg 0 is determined from equation (3).

* * .
While the values of a5 and B5,4 may be varied to reduce G5 (eq. (9)),
»

the system is most sensitive to the as parameter. In fact, Such a small redus-

» '

tion is achieved in G5 by changing Bs, 4 that this parameter is set equal to
*

zero in all of the scaled RKF(3)4 algorithms. The q5 parameter, however, must

]
be selected more carefully ir order to ensure a nearly minimal value of Gg.

Values of the scaled coefficients for the RKF(3)4 algorithm, with various
values of ¢, are presented in table IV(b).

FOURTH- AND FIFTH-ORDER SCALED ALGORITHMS FOR THE RK(4)5 FORMULAS

The complexity of the equations of eondition for the fifth-order, scaled
alrurithm requires that two new derivative evaluations be added. A fourthe-
order, scaled solution may, however, be achieved by the use of only one addi-
tional funetior evaluation. Quite often, for intermediate data output, the
lower-order solution is sufficient and is all that is desired if the defining
algorithm is being operated as a fourth-order method. (The fourth-order,
scaled solution for the RK(4)5 will vary slightly from that of the RK(3)4
formula because an additional assumption has beeh imposed and because five

10

4
3 -

L
oy
'

]
-

.

‘w




T gh — S I Y S RN R ) S e e

derivative evaluationa have already been mude for the defining algorithm.) For
]
the fourth-order, sealed algorithm, ®g is the only free parameter, while for
" " ] (]
the fifth-order, socaled solution &g, Ga, B 2 and 35,5 remain as free
parametert. Coeffioionts for a six-stage, rifth-order Runge~Kutta algorithm,
RRF(4)5 II, developed by Fehlberg (ref. 3), are presented in table V(a).

The simplifying assumptions, imposed during the development of the
defining algorithm,

» 1 & &
PJ,‘I s 2 Bdgk ak :aJ /2 (24)
k=1
and
" 1 8 a2 3
PJ,Z = Bj,k @, = QJ /3 (25)

k=1

*
are imposed, along with Cy = 0, for § = 2, ...,P®, where P* = 6 for the
fourth-order solution and P* = 7 for the fifth-order solution.

]
The C; coefficients may be written as

. Pt "
Ciat = 321 ag, 3/((J+1) G4,9) (26)

for 1= 1,2, «i., P¥=1, where the a4,y terms are defined by equation (18)
. @ "
on the set M = {a, a3, ..., Gg#} , Then

') P
Cos1~ z CJ (27)
§=2

For the fourth-order solution,

1




and

Then defining

and

where

with

12

5
~[Z ¢ /€
Bg,1 » o 3 Bin 6

* L , "

B 8 1 - 2 C B e

8, §a3 J PJ,2 6
M J=1 & 3

Py,3 = kZ Bd,k Ok

] 5 & @ .
Pg,3 = (1/20 - I CyPy,3] /Ce
3=2

* LI . .
B6,3 = (K3 ~ Ka(ay + a5) + Ky ay ag)/D3

. s o 4 4
Ki = Pg,1 - Bg,1 @1 = Bg,2 ap

N
D3 = a3 (a3 - ay) (a3 - ag)

] ]
where Bs,g and 85,5 are determined by permuting the indices on o
" "

and as. Then B6,0 can be evaluated from equation (3).

order terms used in forming GS’ equation (9).)

~ (28)

(79)

(30)

(31)

(32)

3 QY
(While equation (29)
is not requir. . for a fourth-order solution, its inclusion helps reduce higher

. -




]
For the fifth~order, scaled RKF(4)5 formulas, with the C4 aoefficients
determined from equation (26),

] “ [ BN ] [ ]
Be,1 = (Ky = Ko a7)/Cela6 - a7) (33)

and

) U S T |
Br,1 = (K1 = Kg ag)/Cq (a7 ~ ap) (34)

where

g e ol B.
Ky = = Cyo 1
i 522 3%y Py,

for i =1,2 and

] 6 » *
Br,2 = - I CyBy,2)/C (7 (3%)
=3

. »
where 35, 2 1is a free parameter. With 85’5 as an additional free parame-

. -
tér, the remaining B6,k coefficients may be written as

* T B |
Bg,3 = (K2 - Kyay)as@s -ay) (36)
and
* L . @ *
Bg,u = (K2 = Kyaz)ayly -a3) (37)

where




s

o

e .
HEE -4

"SR T S S T T T
Ky = p6 1 =B86,1 @1 ~Bp,2020 -~ Bh,505

i,

> , "
y Using the definition for P4,3: equation (30), for J = 2,3, eeey, 6
] 6 » "
?{ Pp,3=|1/20 - I C4 Py 3 /Cy (38)
R‘. J=2
" » .
= Using the values of P7 9, Pp,2 and Pg 3 and defining
>
e # 3=t w @ #
. Sy=Cy I By,kBk,1/Cp (39)
. for § = 4,5,6, and T,
. 6 > 5
= - L S - I A B
\ Pt J 423 J PN
Br,6 = (40)
6 B.
I B
| 323 J PJ,
't where
: » . @
- = (K3 - Ko(oy + 05) + Kq oy 05)/03(&3 - cm)(a3 - G5)
-
~ and
s 2 0 a0 @ Y
By = ~aglag - aglay + og) + m; m;)/a3(a3 - au)(u3 - uu)
and
] * L2 L L2
=Pp,q4 =B, =-B7,2 0
X 14
%
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with Ay,

*
A5, By, and Bg determined by permuting the indices of the q 'a.
(Bg = 1,) Then

[ ] [ ]
R7,3 = Ay + By B7,6

.
for 3 = 3,4 and 5, and B7,0 may be evaluated from equation (3),

The fourth-order solution is not extremely sensitive to the selection of

.
ag

]
a5 8o that acceptable error coefficients may be determined from a given

]
for a range of 0., For ¢ e (0,00, 0.3@], ag = 0.60, while for o ¢

(0.30, 0.55], ag = 0.40, and for o ¢ (0.55, 1.00), a6 = 1.00. The parameters
for the fifth-order algorithm, however, must be selected carefully in order to
]

énsure a near-minimal value of Ge (eq. (9)). The fifth-order solution is most
* ] ] *
sensitive to the o and @7 parameters, and (in general) B6,2 = B,5 = 0
*

]
will generate a value of Gg that is sufficiently close to GMINe Because of
this, further variations in the parameters lead only to insignificant changes

"
in Gg and complicate attempts to generate cocefficients in rational form.
Values of the fourth-order, scaled coefficients for RKF(4)5 II are presented in

table V(b), while those for the fifth-order, scaled algorithm are 1isted in
table V(e).

EMBEDDED THIRD-ORDER SOLUTIONS AT NO ADDITIONAL DERIVATIVE EXPENSE

Embedded within each RK formula presented is a third-order, scaled algo-
rithm that may be obtained using no additional derivative evaluations. While
new C* ocoefficients must be generated for each value of 0, these computa-
tions are relatively inexpensive. However, because no additional derivative
evaluations are imposed, no free parameters are available to reduce the non-
zero truncation error coefficients. Thus, while these algorithms are of
third order, the truncation error coefficients for the fourth order (and

higher orders) may not be small (as they are in the case of the defining
algorithms). If a low-order estimate

15




]

A minimum of two nonzero Cx ocoefflalents, k > 2, is required to gener=

ate a third~order, scaled algorithm. The additional derivative evaluations 4

used in the RK(3)4 and RK(4)5 formulas allow a choice of one (of two) more
"

nonzero Cy's for causing higher-order truncation error coeffioients to van~

ish. However, the norm of the error coefficients 0:, Gg, and Gg (eqs (9))

]
is generally smaller (for the algorithms presented) when only two Cp ocoeffi- 1
clents are nonzero. For the RK(2)3 algorithm

*
Ci = 0(20 - 3045)/(6 ajla; ~ ay)) (41)

»
For 1i=2,4=3 and 1=3,J=2. For three nonzero Ci,

¢ 0(302 - Uolag + ap) + 6 as o)
Cy = J k J K (42)
12 a3 (a3 - ag) (g - o)

)
where (1,4,k) € { (2,3,4),(3,4,2),(4,2,3) } for the scaled RKF(3)4 algorithm. i
(In general, however, equation (41) should be used for the RKF(3)4 and RKF(4)5

* * #
formulas presented, although the nonzero Ck's need not be C, and C3.)

A case of particular interest occurs for the RKF(4)5 formulas. Using

.

. equation (42) to generate the Cy coefficients as a function of o, the one ‘
nonzero fourth-order truncation error coefficient may be written as a qua-
dratic in ©. Thus, two values of the parameter o exist that will give a
fourth-order algorithm. For the RKF(4)5 formulas, ¢ = 0.60 and o = 1.0 give
a fourth-order, scaled Runge-Kutta algorithm regardless of the defining set of
s

coefficients or the selection of Ck coefficients. Because a fourth- and a

fifth-order solution are already available at g = 1.0, however, the only
value of interest is ¢ = 0.60.

(] *
If the Cp and C3 ocoefficients are determined by equation (41) for the
RKF(2)3 algorithm, the ;ourth-order, scaled truncation error coefficients are
of the same order of magnitude as those for the defining algorithm,

]

Gy = 0.5144E-01. 'Thus, in using the RKF(2)3 algorithm, no additional deri-
vative evaluations should be used. Rather, the solution determined by
equation (41) should be employed. For the RKT(2)3 formula, the fourth-order

16
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(]
truncation error coefficients are cenaiderably amaller: Gj = 0,1447E=-03. While
a aolution obtained by uasing equation (41) 48 of third order, a saaled molution
may not be as acourate as the solution obtained by the defining algorithm that
has much lower fourtheorder error coefficienta, While this scaled solution ia

)
quite aocurate near to and to+h (for o s 0,05, Gy = 0.4158E-03 and for

] ]

o= 0.95, Gy = 0,4533E=02), the error terms may be as large as Gy = 0,1665E-
01 throughout the interval. However, the soaled solution presented in the sec=
tion entitled "Third-Order Scaled Algorithms" is actually of fourth order.
Thus, for some problems, the additional derivative evaluation may produce a
more acourate scaled solution. The simplicity of the scaled solution offered
by in equation (41), however, may compensate for the reduced accuracy.

A study of the RKF(3)4 algorithm shows that equation (41), defined for
C; and C:, produces the most acourate third-order, scaled solution for
0 < 0.65. However, for o > 0.65, using a c;, c; solution with C: e 0,
will give the best results. (Eq. (42) produces a G: that is approximately
twice the magnitude of the best solution obtained when using eq. (41).)

. ]
For 6 <0.05, Gy < 0.3183E-03. Throughout the interval, however, Gy may be
as large as 0.9390E-02.

The most important feature of the low-order, scaled RKF(4)5 formulas is
the existence of a fourthe-order solution at o = 0.60, which requires no addi-
]
tional derivative. evaluation. This fourth-order solution with the Cy's, de-
(] ] [ *
fined by equation (42) (using Cz, C3, and Cg), gives GOg = 0.1978E-02. For
other values of 0, a good third-order, scaled solution may be obtained using

. »
equation (U41) for Cp and C3 for all values of ¢, although for ¢ € (0.35,
0.55), a slightly better eolugion may be obtained using equation (41) to

. " " .
determine Cp and Cg. For o <0.05, Gy < 0.2884E-03 with Gy < 0.5376E-02

.
for 0 <0.75. For 0 >0.75, Gy < 0.2080E=-01,
APPLICATION OF THE SCALED ALGORITHM

The most direct manner of applying the scaled Runge-Kutta algorithm is to
demand data output at a specific value of the independent variable. With some
maneuvering, however, numerical integration codes can be written that will
output information by specifying values of a dependent variable or by satis-
fying a constraint equation. While the scaled algorithms have been developed

17
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for a wide range of O (0 = 0,06K, K & T, .4, 19), data will generally be
requeated for values of the independent variable ¢ s t, + Oh, for valuea of

g that wore not atudied. Tho simpleat manner of applying tho algorithm would
be to reduce thao original stop size slightly so that the roquested output point
corresponds to a & s tg + Oh for a O of a detormined algorithm. For exame
ple, if the solution is required at t = to + 0,87 hy (hy being the predicted
step size), tho user would let the step size be h = 0.87 h¢/0.90, whieh ia
less than a Y-percent reduction from the predictod step size. For output

near t,, the percentage of step-size peduction may bo as large as S50 peraent
with no scaled output possible for © < 0,05 without generating the coeffi-
cients from the staled algorithm formulas. These problems near ¢ = to may be
skirted in a number of ways; for example, by interpolation or by using the
third-order algorithm that requires no derivative evaluations, which is valid

for any choice of O and which has low fourth-order truncation error coeffi-
cients for O near zero.

Difficulties in applying the algorithm in such a manner may arise (1) if
the value of the independent variable for data output is not khown beforé the
step is taken, (2) if storage limitations restrict the number of scaled coeffi-
clents that may be retained, or (3) if dense output is requested within the in-
tegration step. In such cases, an interpolating polynomial may be generated,
using points determined by evaluating the scaled algorithm for several values
of 0. Since the solution and its derivative are known at t, and to + h, a
fourth~order polynomial may be determined by applying a scaled algorithm at
only one point. For the RKF(4)5 algorithm, a fourth-order solution is availe
able for o = 0.60 requiring no additional derivative evaluations. Thus, an
interpolating polynomial may be generated quite inexpensively. (If output is
dense in one region of the interval, a different interpolating polynémial gen-
erated by scaled solutions in the neighborhood of this region would be more ac-
curate. However, these points can be generated inexpensively, compared to re-
peated Runge-Kutta solutions at small step sizes.) The disadvantage of using
the interpolating polynomial is that the solution is subject to errors from the
polynomial as well as from the Runge-Kutta solution; whereas, the scaled solu-
tion i8 equivalent to a Taylor series solution of corresponding order.

While the scaled algorithm is designed to determine information at spec-
ified values of the independent variable, the methods may be adapted to stop
the integration by specifying values of a dependent variable or by satisfying
a oonstraint equation. The usual technique for stopping the integration on a
specified value of a function is to bracket the desired solution and to iterate
until the value of the function is reached. In order to be operated effi-
ciently, however, a Runge-Kutta method must take large step sizes (consistent
with truncation error criteria). While using a Runge-Kutta method to trap a
solution with smaller and smaller step sizes will produce an accurate solution,
the expense of computing the derivative evaluations may be prohibitive. The
use of scaled algorithms to insert data points allows the formulation of an
interpolating polynomial. This polynomial may be analyzed efficiently to
determine the value of the independent variable, which causes the constraining
function to be satisfied. If the accuracy of the Runge-Kutta solution is
required; i.e., if the inaccuracies intrnduced by the interpolating polynomial
produce an unacceptable solution, an estimate may be used to determine the
next step size in an attempt to satisfy the constraining function. The

18




aocaled molution in the iterative Procedure can inprove the convergence effi-

alency, particularly if the atep aize has been suffiolently reduced ao that u
lower order Runge-Kutta algorithm may be used

CONCLUSIONS

Scaled Runge-Kutta algorithms have bee” developed for the third through |
fifth orders, which will ovaluate the soluti.. of an ODE at an intermediate 1
point within the integration step. The expense required to output this data |
ranges from a few arithmotioe operations to two derivative evaluations, de-
pending on the order of the solution desired and the defining algorithm. The
new scaled solutions depend on the defining algorithm, where the coefficients
and determined derivative evaluations form the oore of the new scaled system.

By making slight adjustments to the integration step sizes, data can be deter~ ‘
mined for any point within the integration interval, using the algorithms ;
developed for the given values of g. If a priori knowledge of. the data output ‘
point is unavailable, or if dense output is required within a.given step, the
Scaled algorithms may be used to formulate an interpolating polynomial for
data determination or may be used with an iterative procedurs to reach the
required output point with only minor losses in efficiency.
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TABLE 1.~ COEFFICIENTS POR RKF(2)3 ACCORDING
70 FEHLBERG (REF. 3)
5 B T e ' y
- l oo ! P b B
! ) ! ! | |
! ! f i ! |
__ 1k \ | |0 1 2 1 )
= ) ! | ! !
’ ! ) ) ! '
i I 01 o | 214 533 |
! ! ! | oo o |
| t ! { 891 2106 |
. ' I ! ! !
. | ! A ! f
¥ v Loy} T 0 1
-3 ! I 4 33 ]
- ) ! ! ) ! ;
: \ 21 20,18 7129 | 650 800 | ?
g " ¢ 40, 800 800 y 891 1053 |
. ! ! ) ) i
) ! ) ! )
! ' ) ) 1
b3 1 1 2 160, 5 1
- ! ! t 891 33 891, 78
! ! ! ! ! |
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TABLE II,~ Continued
(b) S8caled algerithm

A

SIGMA = 0.500000D~01; A(H) = 3,/5, ;
Co = 419 v 2 uoo |
C1 = 0 1
€2 = 37 / 56 4oo
€3 = - 17 / 232 800
CY = 45 125 7/ 54 708
BYO = 271 891 / 475 000
BU1 = - T4 533 / 12 996 000
BY42 = 13 948 237 / 324 900 000 ‘
B43 = - 4 559 / 475 000 ;
SCALED NORM OF TEC G*(5) = 0,7156214D-05 1
SCALED STABILITY LIMITS R: (=0.9478000D+01, 0) |

I: (0, 0,1175900D+02)

SIGMA = 0.100000D+00; A(4) = 3./5. ‘
co = 109 / 600
C1 e 0
C2 = 177 6 600 ]
€3 = -7/ 28 200
Cl = 3375 7/ 4 136
BY4O = 30 691 / 56 250
BY1 = - 1591 7/ 145 800
B42 = 1525 007 / 18 225 000 ]
BY3 = - 517 / 28 125
SCALED NORM OF TEC G*(5) = 0.5347556D-04

SCALED STABILITY LIMITS R: (=0.6646000D+01, 0) |
I: (0, 0.8300200D+01)
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TABLE II.~ Continued

(b) Continued

SIGMA = 0,150000D+00; A(4) = 3./5.

€0 s 451 /2 400

C1 s 0

c2 = 93 / 16 400

C3 = - 33/ 72 800

Cl = 36 125 /7 44 772

BUO = 220 857 / 425 000

BY1 = - 53 521 / 3 468 000
B2 = 10 586 569 / 86 700 000
BU3 = - 11 193 /7 425 000

SCALED NORM OF TEC G*(5) = 0.1683013D-03
SCALED STABILITY LIMITS R: (=-0.5412667D+01, 0)
I: (0, 0.6766133D+01)

SIGMA = 0.200000D+00; A(Y4) = 3./5.

CO = 29 / 150

Cl = 0

C2 = 1% / 1 425

C3 = -1/ 1650
C4 = 500 7/ 627

BYO = 3091/ 6 250

B41 = - 2 761 /7 144 000

B42 = 568 993 / 3 600 000
B43 = -209 7/ 6 250

SCALED NORM OF TEC G%(5) = 0,3713881D-03
SCALED STABILITY LIMITS R: (-0.4690500D+01, 0)
I: (0, 0.5851150D+01)




TABLE II.~ Continued
(b) Continued

4
' €O = 19 / 96 ]
Q Cl1 = 0 |
! c2 = 5 / 336 J
8 . cl = 375 / 476
g BYO = 1411/ 3000
B4t = - 7 121 / 324 000
2 B42 = 12 397 / 64 800
| BY3 = - 119/ 3000
n SCALED NORM OF TEC a%(5) = 0,6741268D-03 {
SCALED STABILITY LIMITS R: (-0.4207200D401, 0) |
: I: (0, 0.5226880D+01)
SIGMA = 0.300000D+00; A(4) = 3./5. ‘
co = 121 / 600
' C1 = 0 i
c2 = 33/ 1600 |
c3 = -3/ 8200 |
ch = 6 125 / T 872 |
BYO = 19 557 / 43 750 f‘
BU1 = - 869 / 36 750 \
BU2 = 10t 803 / 459 375
BY3 = - 984 ¢/ 21 875
SCALED NORM OF TEC G*(5) = 0.1080755D-02 1
g SCALED STABILITY LIMITS R: (-0.3858333D+01, 0)
= I: (0, 0,4766600D+01) |

.E 25
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TABLE II,~ Continued

(h) Continued

SIGMA = 0,350000D+00; A(U) = 3./5.

€0 = kg1 7 2 400

Cl = 0

c2 s 931 / 34 800

C3 = k9 / 189 600

C4 = 21 125 / 27 492

BUO = 138 013 / 325 000

BU1 = - 29099 / 1216 800

BY2 = 37 812 607 / 152 100 000

B43 = - 16 037 / 325 000

SCALED NORM OF TEC a%(5) = 0.1589552D-02

SCALED STABILITY LIMITS R: (-0.3594286D+01, 0)
I: (0, 0.44097U3D+01)

SIGMA = 0.400000D+00; A(4) = 3./5. “
co = 31 / 150 1
Ct = 0 .
C2 = 32 /7 975
C3 = 2/ 1425
Ch = 375 / 4ol
BY4O = 3781/ 9375
BY1 = - 1817 / 81 000 ?
BY2 = 550 433 / 2 025 000
B43 = - ol 7 9375
SCALED NORM OF TEC G*(5) = 0.2194011D-02

SCALED STABILITY LIMITS R: (-0.3387250D+01, 0)
I: (0, 0.4123225D+01)
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TABLE 1I.~ Continued
(b) Continued

SIGMA = 0,450000D+00; A(U) = 3./5.

Co = 499 / 2 400

Cl s 0

C2 = 351/ 9 200

C3 = 189 7/ 58 400

Cl = 15 125 / 20 148

BUO = 105 339 / 275 000

Bi41 = -9 061 / 484 000

BY2 = 3 516 493 7 12 100 000

BU3 = - 15 111 7 275 000

SCALED NORM OF TEC G*(5) = 0.2883997D-02

SCALED STABILITY LIMITS R: (-0.3222000D+01, 0)
I: (0, 0.3887333D+01)

SIGMA = 0.500000D+00; A(U) = 1./2. -

Co = 17 6

Cl = 0

C2 = 17 6

C3 = 0

ch = 2/ 3

BUO = 5/ 16 ,
BY1 = -1/ 8 ﬁ
BY2 = 3/ 8 :
BU3 = -1/ 16

SCALED NORM OF TEC G*(5) = 0,.3654457D=02

SCALED STABILITY LIMITS R: (-0.3088000D+01, O)
I: (0, 0.3689480D+01)
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TABLE II.- Continued
(b) Continued

SIGMA = 0.550000D+00; A(4) = 1./2.

co = 209 / 1 200
Cl = 0

C2 = 121 / 600

C3 = 121 / 34 800
cl = 18/ 29

BYO = 14217 4§ 800
B41 = - 4279 7/ 31 104
B42 = 317 251 / 777 600
B43 = - 319/ 4 800

SCALED NORM OF TEC G*(5) = 0.4443751D-02
SCALED STABILITY LIMITS R: (-0.2978545D4+01, 0)
I: (0, 0.3521364D+01)

SIGMA = 0.600000D+00; A(Y4) = 1./2.

Co = 9/ 50

Cl = 0

C2 = 6/ 25

€3 = 37/ 350

Cl = ys 1

BUO = T/ 25

BY1 = - 173 / 1 152

BlY2 = 12 677 / 28 800

B43 = ) -7 7100

SCALED NORM OF TEC G*(5) = 0.5264721D-02

SCALED STABILITY LIMITS R: (-0.2889667D+01, 0)
I: (0, 0.3377233D+01)

ek
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TABLE II.~ Continued

BN

i M
. B -
R T .

(b) Continued

SIGMA = 0.650000D+00; A(4) = 1./2.

g Co = 221/ 1 200
X Ct = 0
: c2 = 169 / 600
3 C3 = 169 / 10 800
c4 = W/ 27
- B4O = 423 / 1 600
: BY1 = -1313/7 8 o064
=Y BY42 = 95 069 / 201 600
B43 = - 117/ 1600
SCALED NORM OF TEC G*(5) = 0.6105116D-02

SCALED STABILITY LIMITS R: (-0.2818000D+01, 0)
I: (0, 0.3253138D+01)

SIGMA = 0.700000D+00; A(4) = 1,/2.

=
':’:?.-
i

Co = W/ 175
= C1 = 0
% c2 = 49 / 150
» C3 = 49 v 1 950
B4O = 299 / 1 200
5 B4l = - 455 / 2 592
) BY42 = 32 543 / 64 800
W B43 = -91/ 1200
= SCALED NORM OF TEC G*(5) = 0.6957139D-02
- 5 SCALED STABILITY LIMITS R: (~-0.2761857D+01, 0)
- I (0, 0.3146329D+01)
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TABLE II,- Continued
(b) Continued

SIGMA = 0.750000D+00; A(4) = 3./10.

€0 = 7/ U8

C1 = 0

C2 = 51/ 88

C3 = 15 / U496

C4 = 250 / 1 023
BiO = 837 / 8 000
Byt = - 30 079 / 48 000
BY2 = 9 119 / 9 600
B43 = - 1023/ 8 000

SCALED NORM OF TEC G*(5) = 0.7719994D-02
SCALED STABILITY LIMITS R: (-0.2720267D+01, 0)
I: (0, 0.3055080D+01)

SIGMA = 0.800000D+00; A(4) = 3./10.

Co = s 25

C1 = 0

C2 = 608 / 975

C3 = 68 / 1 425
CY4 = 125 /7 741

B4O = 437 7 6 250
B4l = - 14 473 7 18 000
BY2 = 536 497 / 450 000
B43 = - 4ok y 3 125

SCALED NORM OF TEC G*(5) = 0.8401091D-02
SCALED STABILITY LIMITS R: (-0.2693250D+01, 0)

I: (0, 0.2978425D+01)




TABLE II.~ Continued
(b) Continued

SIOMA = 0,850000D+00; A(H) = 3./10. 4
co s 203/ 1 200 |
Cls 0 |
c2 = 19 363 / 29 400 ;
C3 = 12 427 /7 178 800
Cl = 750 / 7 301 ‘
BY4O = 9 983 / 600 000
BYY = - 283 883 / 259 200 {
B2 = 51 368 611 / 32 400 000 4
BU3 = - 124 117 / 600 000 '
SCALED NORM OF TEC G*(5) = 0.9969993D-02

SCALED STABILITY LIMITS R: (-0.2681647D+01, 0)
I: (0, 0.2916259D+01)

SIGMA = 0.900000D+00; A(4) = 1./10.

Cco = 7/ 50 °

Cl = 0 . ;
C2 = 1431/ 2 050 i
C3 = 216 / 2 2715 i
C4 = 250 / 3 7131

BYO = - 6 643 / 50 000

BU1 = - 3991/ 3000

B42 = 134 029 / 75 000

B43 = - 11 193 / 50 000

SCALED NORM OF TEC G%(5) = 0.9706279D-02

SCALED STABILITY LIMITS R: (-0.2688444D+0%, 0)

I: (0, 0.2869311D+01)
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TABLE II.- Coneluded

(b) Concluded

SIGMA = 0,9500000400; A(H)

=} 10/100

co = 197 /7 1
C1 = 0

c2 = 1119t /7 16
C3 = 27 797 / 217
Cclh = 250 / 14
BY4O = - T4 753 / 200
B4t = - 45 049 / 16
BY42 = 1 501 437 / 400
BU3 = - 92 853 / 200
SCALED NORM OF TEC G*(5) =

SCALED STABILITY LIMITS R: (-0.2718947D+01, 0)

200

200
200
661
000
000
000
000

0.1094176D-01

I: (0, 0.2839242D+01)

A..~.‘




A_...‘

TABLE III.- TRUNCATION ERROR COEFFICIENTS FOR
RUNGE-KUTTA ALGORITHMS THROUGH ORDER FIVE
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TARLE I1I.~ Conoluded
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TARLE IV,~ COEFFICIENTS FOR RKF(3)4
(a) Unsealed algorithm
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TABLE IV.~ COEFFICIENTS FOR SCALED RKF(3)4
(h) B8ocaled algorithm

CO = 2 872 939 / 11 520 000

Cl u 0

C2 n - 12 393 7/ 83 200 000

€3 a 1 495 823 / 12 954 240 000
C4 = - 3911/ 69 600 000

C5 = 150 651 / 200 680

B50 « 29 852 683 / 47 574 000

B51 = 1798 / 330 375

B52 = 1 063 221 / 22 906 000

B53 = - 3 924 851 / 309 231 000

BS54 = 0

SCALED NORM OF TEC G*(5) = 0,5603873D-05

SCALED STABILITY LIMITS R: (=0.1011400D402, 0)
I: (0, 0.1256900D+02)

SIGMA = 0.100000D4+00; A(5) = 16./25.

Co = 517 603 / 2 304 000

Ct = 0

C2 = 1 152 549 / 890 240 000

C3 = - 333739/ 1:299 168 000
CY = 167 / 1 7155 000

c5 = 20 663 828 125 / 26 690 107 392

B50 = 4 463 312 576 104 » 7 748 935 546 875
B51 = - 27 858 100 608 / 2 582 978 515 625
B52 = 3 330 510 639 192 / 33 578 720 703 125
B53 = < 2 456 985 733 216 / 100 736 162 109 375
BSY = 0

SCALED NORM OF TEC G*(5) = 0.4156062D-04

SCALED STABILITY LIMITS R: (=0.7095000D401, 0)
I: (0, 0.8867800D401)




|
TABLE IV,~ Continued 1
(b) Continued

SIGMA = 0.150000D400; A(G) = 16./25, 1
— S— |
f

k3 261 7 192 000

B
, Cl = 0 j
c2 s 2 184 813 / 1 630 720 000 |
th €3 = 362 551 / 554 112 000 1
(1 C4 = - 6 687 ¢/ 18 080 000 !
C5 = 5838 339 375 / 7 552 290 816 ‘
it BSO = 393 604 655 104 / 729 794 921 875 a
B51 = 1 855 138 176 / 729 794 921 875
B52 = 1 241 BY43 094 576 / 9 487 333 984 375 -
) B53 = - 310 926 657 216 / 9 4BT 333 984 375
B
?s SCALED NORM OF TEC G*(5) = 0.1296665D-03 !
1 SCALED STABILITY LIMITS R: (-0.5783333D+01, 0) ;
; I: (0, 0,7225667D+01) '
I SIGMA = 0.200000D+00; A(5) = 1./8, ‘
: co = - 262 897 / 180 000 i
f 1 = 0 {
i c2 = 29 671 629 / 196 300 000 i
. C3 = - 17 356 829 / 272 610 000 .
F C4 = 42 103 7/ 1 462 500
: C5 = 48 249 856 / 20 582 055 4
>: B50 = 16 014 162 551 / 72 374 784 000
g B51 = - 56 240 379 / 188 476 000
B52 = 73 783 218 033 / 313 624 064 000
B53 = - 15 586 385 647 / 470 426 096 000 |
BS54 = 0 !
SCALED NORM OF TEC G*(5) = 0.7441866D-03

SCALED STABILITY LIMITS R: (-0,5017500D+01, 0) |
I: (0, 0.6246150D+01) |
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TABLE IV,~ Continued
(b) Centinued

SIaMA = 025000004007 A(5) = 3./5.

SCALED NORM OF TEC

11 057 / 55 296
0

124 659 / 7 055 360
2 401 / 11 860 992

-9/ 211760

628 250 / 802 791
3 372 873 / 7 180 000
- 431 919 /7 12 565 000

277 074 513 / 1 306 760 000
- 8 851 689 / 186 680 000
0

G*(5) = 0.5096777D-03

SCALED STABILITY LIMITS R: (-0.4507200D+01, 0)

I: (0, 0.5578000D+01)

SIGMA = 0.300000D+00; A(5) = 3./5¢

co
c1
c2
c3
cl
c5
BS0O =
B51
B52
B53
BSU

n B8 ns

SCALED NORM OF TEC

57 851 / 288 000

0
4 310 577 / 24T 520 000
304 927 / 49 296 000
- 2 637 / 820 000
5 402 875 / 6 937 938
9 318 525 453 / 21 611 500 000
2 632 446 / 675 359 375
60 133 894 317 / 280 949 500 000
- 6 900 061 371 / 140 uT4 750 000
0

G*(5) = 0.808207uD-03

SCALED STABILITY LIMITS R: (~0.4140333D+01, 0)

I: (0, 0.5085633D+01)
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TABLE TIV.~ Continued
(b) Continued

SIOMA = 0.350000D+00; A(5) = 9./16.

CO = 19 065 713 / 103 680 000

Cl s 0

2 = 3 252 504 213 / 59 321 600 000
C3 = 28 118 111 / 6 514 560 000
Ch = - 536 403 / 205 600 000

C5 = 1 634 729 984 / 2 152 165 545

B50 = 5 403 228 165 441 / 13 077 839 872 000
B51 = - 49 882 382 361 / 817 364 992 000

B52 = 45 186 311 217 159 / 170 011 918 336 000
853 = =2 355 259 443 201 / 42 502 979 584 000
BS54 = 0

SCALED NORM OF TEC G*(5) = 0.1172146D-02
SCALED STABILITY LIMITS K: (-0.3864000D+01.,, 0)
I: (0, 0.4704371D+01)

SIGMA = 0.400000D+00; A(5) = 11./20.

co = 446 1+ 2 urs

C1 = 0

Cc2 = 24 057 / 328 250

C3 = 16 807 / 1 304 550

Cc4 = - 94 / 14 625

C5 = 21 452 000 / 28 987 101

B50 = 1 226 671 061 /7 3 217 800 000
B51 = - 5 764 473 7/ 134 075 000

B52 = 372 592 737 /7 1 394 380 000
Bsg 2 - 2 318 720 327 / 41 831 400 000
B5Y4 = 0

SCALED NORM OF TEC G*(5) = 0.1594736D-02
SCALED STABILITY LIMITS R: (-0.3649500D401, 0)
I: (0, 0.4398850D+01)
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TABLE IV.= Continued
(b) Continued

SIGMA = 0.450000D+00; A(5) = 1,/2,

Co = 208 927 / 1 280 000

Cl = 0

C2 = 1010 269 341/ 6 572 800 000
C3 = 6 043 317 / 490 880 000

ci = - 4 941 7 800 000

C5 = 15 776 7/ 23 305

B50 = 48 018 463 / 126 208 000

B51 = - 1170 873 / 7 888 000
B52 = 541 971 837 / 1 640 704 000
B53 = - 1598 723 / 25 636 000

BS54 = 0

SCALED NORM OF TEC G*(5) = 0.2060460D-02

SCALED STABILITY LIMITS R: (-0.3480222D+01, 0)
I: (0, 0.4148133D+01)

SIGMA = 0.500000D+00; A(5) = 12./25.

Co = 2201 / 13 824

C1 = f]

C2 = 6 561 / 33 280

C3 = 45 619 / 1 617 408
CcY4 = -1/ 80

C5 = 78 125 7/ 124 416

B50 = 138 009 / 390 625

B51 = - 52 704 / 390 623
B52 = 1635 471/ 5 078 125
B53 = - 306 936 / 5 078 125
BSY = 0

SCALED NORM OF TEC G*(5) = 0,2556559D-02

SCALED STABILITY LIMITS R: (-0.3345400D+01, 0)
I: (0, 0.3938940D+01)
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TABLE IV.~ Continued
(b) Continued

SIGMA = 0.550000D+00; A(5) = 2./5, .
co = 313 009 / 2 304 000 |
Cl s 0 ;
C2 = 563 920 137 / 1 680 640 000
C3 = 99 648 703 / 3 339 648 000
Cl = - 226 391 / 18 720 000

C5 = 5 384 875 / 10 540 764

B50 = 6 165 113 549 / 16 154 625 000
B51 = - 227 532 591 / 673 109 375

B52 = 7 504 919 433 / 17 500 843 750
B53 = ~ 15 211 290 941 /7 210 010 125 000
B54 = 0

SCALED NORM OF TEC G*(5) = 0.3062214D~02

SCALED STABILITY LIMITS R: (-0.323. &4D+01, 0)
I: (0, C.376c.82D401)

SIGMA = 0.600000D+00; A(5) = 1./3.

co = 293 / 2 500 !
C1 = 0 j
C2 = 1 554 957 / 3 575 000 |
€3 = 69 629 / 1 495 000

Cl = - 843 / 50 000

c5 = 8 463 / 20 240

B50 = 174 374 7 U453 3715

B51 = - 159 072 / 352 625

B52 = 8 735 067 / 18 336 500

B53 = - 1 804 649 7 23 575 500

BSY§ = 0

SCALED NORM OF TEC G*(5) = 0.3559569D-02

SCALED STABILITY LIMITS R: (~0.3155000D+01, 0) |
I: (0, 0.3613317D+01)

; 4
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TABLE IV.= Continued
(b) Continued

SIGMA = 0.650000D+00; A(5) s 1./4,

co
C1
c2
C3
c4
cs
BSO =
B51
B52
B53
BS54

o NN

SCALED NORM OF TEC

111 507 / 1 280 000
0

677 766 609 / 1 299

52 094 497 / 746 880

- 3 624 881 / 160 800

27 300 352 / 79 361

240 021 016 229 / 655 208

- 7 218 754 803 / 13 650

106 401 934 989 / 218 k02

- 12 231 119 663 / 163 802
0

¢

200 000
000
000
835
448 000
176 000
816 000
112 000

G*(5) = 0.4032702D-02
SCALED STABILITY LIMITS R: (-0.3092769D+01, 0)
I: (0, 0.3487415D+01)

SIGMA = 0.700000D+00; A(5) = 1./12.

co = - 198 439 / 1 440 000
C1 = 0
c2 = 880 415 487 / 1 445 600 000
C3 = 554 244 439 / 6 280 560 000
Ch = - 792 673 / 33 900 000
CcH = 24 446 592 / 52 696 985
B50 = 15 469 714 361 / 73 339 776 000
B51 = - 406 078 043 / 1 018 608 000
B52 = 43 531 047 / 137 936 500
353 2 - 42 452 411 309 / 953 417 088 000

54 = 0

SCALED NORM OF TEC

G*(5) = 0,4462969D-02
SCALED STABILITY LIMITS R: (-0.3051000D+01, 0)
I: (0, 0.3382686D+01)




TABLE IV.~ Continued

(b) Continued

5 SIGMA = 0.750000D+00; A(5) = 1./25. f
}
3 Co = -2 U453 /7 6 144 i
. Cl = 0
= c2 = 30 292 137 / U9 653 760
7 C3 = 1 063 643 / 7 707 648
- cY4 = - 4 347 /7 124 160 O
C5 = 14 375 000 / 20 948 799
B50 = 379 127 171 / 4 600 000 000
. B51 = - 37 545 111 / 287 500 000
e BS2 = 6 133 430 349 7 59 800 000 000
3 ‘ BSY = 0
SCALED NORM OF TEC G*(5) = 0.4985026D=02

SCALED STABILITY LIMITS R: (-0.3030400D+01, 0)
I: (0, 0.3298413D+01)

TABLE 1V.- Continued 1

(b) Continued

|
SIGMA = 0.800000D+00; A(5) = 1./25. {1
Co = - 79 / 250
Cl = 0
c2 = 553 311 / 942 500
C3 = 340 942 /7 1 759 875
Ch = _ = 10 336 / 226 875
C5 = 8 828 125 / 15 200 988
B50 = 96 032 954 7 3 310 546 875
B51 = 28 671 192 / 1 103 515 625
B52 = - 243 083 133 / 14 3u45 703 125
B53 = 84 128 884 7 43 037 109 375
B54 = 0
SCALED NORM OF TEC G*(5) = 0.6022232D=-02

SCALED STABILITY LIMITS R: (-0.3034500D+01, 0)
I: (0, 0.3235212D+01)
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TABLE IV.~ Continued

(b) Continued

SIGMA = 0.850000D+00;

A(S) = 1,/25,

Co -603 317 / 2 304 000

Cl = 0

c2 = 17 122 676 913 / 30 734 080 000

C3 = 10 521 438 907 / 43 145 856 000

C4 = - 11 352 209 / 231 840 000

C5 = 3931093 750 / 7 T10 428 943

B50 = - T22 270 252 129 / 23 586 562 500 000
B51 = 394 747 987 977 / 1 965 546 875 000
B52 = ~ 30 750 068 734 659 / 204 416 875 000 000
B53 = 12 397 885 510 507 / 613 250 625 000 000
B5Y4 = 0

SCALED NORM OF TEC G*(5) = 0.7423369D-02

SCALED STABILITY LIMITS R: (~0.3071176D+01, 0)

I:

(0, 0.3195200D+01)

SIGMA = 0.900000D+00;

A(5) = 1./25.

Co = - 7279 / 32 000

Ct = 0

c2 = 1 000 703 403 / 1 911 520 000

C3 = 28 214 151 / 99 632 000

ClY = - 202 743 / 4 820 000

c5 = 98 203 125 / 212 176 882

B50 = - 33 318 422 659 / 392 812 500 000

B51 = 1 471 910 874 / 4 091 796 875

B52 = - 462 500 813 457 / 1 702 187 500 000
B53 = 93 979 832 093 7/ 2 553 281 250 000
BS54 = 0 )
SCALED NORM OF TEC G*(5) = 0.8875535D-02

SCALED STABILITY LIMITS R: (-0.3159222D+01, 0)

I:

(0, 0.3181233D+01)




TABLE IV.- Conaluded
(b) Conoluded

SIGMA = 0,9500000400; A(5) = 1./10.

Co = 3 273 / 256 000

Cl = 0

C2 = 378 173 853 / 805 120 000
C3 = 129 147 389 / 409 728 000
cl = -2 222 677 / 86 880 000

C5 = 83 048 000 / 364 430 649

BS0 = - 70 545 137 063 7 284 736 000 000
B51 = 40 552 526 367 / 41 524 000 000
B52 = - 6 270 301 089 333 / 8 636 992 000 000
B53 = 89 886 853 133 / 925 392 000 000
BSY = 0

SCALED NORM OF TEC G*(5) = 0.1004420D-01

SCALED STABILITY LIMITS R: (-0.3354842D4+01, 0)
I: (0, 0.3192989D+01)
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Unscaled six-stage, fifthe-order algorithm

TABLE V.~ COEFFICIENTS FOR RKF(4)5

(a)
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TABLE V,= Continued

(b) 8ealed, fourth-~order algorithm

8IGMA = 0,05D0; A(6) = 0.60D0

c(0)
C(1)
C(2)
C(3)
C(4)
C(5)
C(6)
B(6,0)
B(6,1)
B(6,2)
B(6,3)
B(6,4)
B(6,5)
SCALED

NORM 0

23615711/129600000
0

2738144/553078 125
6812112671/10482“36800000
=218411/582000000

« =481016/155100000

5362046875/6573904758
46618&1491492“3/857927500000000
517806296 1/53620468750
-292861586#1302/318371533203125
-ezu12133u63595031/1793068u7soooooooo
99128259521667/1072409375000000
u989u8u1u62u27/589825156250000
F TEC G*(5) = 0,1427626D-04

SCALED STABILITY LiMITS R: (-0.6246000+01, 0)

It (o, 0.3606560D+01)

SIGMA = 0,10D0; A(6) = 0.60D0

SCALED NORM OF TEC

155536 1/8100000
0

7115008/504984375
407308421/316572300000
=3209/4406250
-68947/9075000
1053709375/1315607832
66&346654667/1317136718750
126594108/1053709375
-7456“95300#6&/6256399&140625
-12781897851723/50051195312500
2#59753093259/13171367187500
107531006814/658568359375

G%(5) = 0.1018731D-03

SCALED STABILITY LIMITS Ri (~0.4512000D401, 0)

I: (0, 0.3606560D+01)
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TABLE V.= Continued
(b) Continued

SIGMA = 0.15D0; A(6) = 0,60D0

C(0) = 315161/1600000

C(1) = 0

C(2) = 317696/16921875

C(3) = 138492289/362155200000
C(4) = =351/2000000

C(5) = =305991/45100000

C(6) = 1334375/1687314

B(6,0) = 103235259163/213500000000
B(6,1) = 915471/13343750

B(6,2) = -47130754/595703125

B(6,3) = -914201623309/2348500000000

B(6,4) = 175110391747/266875000000

B(6,5) = 34464232107/146781250000

SCALED NORM OF TEC, G*(5) = 0.3053316D-03

SCALED STABILITY LIMITS R: (-0.3734667D+01, 0)
I: (0, 0.3606560D+01)

SIGMA = 0.20D0; A(6) = 0,60D0

C(0) = 801613/4050000

c(1) = 0

C(2) = 237568/24046875

C(3) = =-222404507/73641150000
C(4) = T487/4125000

C(5) = 10624/1959375

C(6) = 9284375/11782584

B(6,0) = 22313787003/46421875000
B(6,1) = =-2651112/46421875

B(6,2) = 15744308256/551259765625
B(6,3) = -U461266147641/882015625000

B(6,4) 10844473266/29013671875

B(6,5) = 1723827744/5802734375

SCALED NORM OF TEC, G*(5) = 0.6400000D~03

SCALED STABILITY LIMITS R: (=0.3273000D+01, 0)
I: (0, 0.3606560D+01)
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TABLE V,~ Continued
(b) Continued

C(0)
C(1)
c(a)
C(3)
C(4)

C\3)

B(6,0)
B(6,1)
B(6,2)
B(6,3)
B(6,4)
B(6,5)
SCALED
SCALED

SIGMA = 0,25D0; A(6) = 0,60D0

405717207360

0
=2656/115425
=27104389/2903662080

889/163200

1279/36960

3086875/3874878

1952712303/395 1200000
-1542231/6173750

292545258/1466265625
-53660622089 1/625800800000
2267080407/4939000000
942241167/2716450000
NORM OF TEC, G*(5) = 0,1101072D=02
STABILITY LIMITS R: (=~0.,2962400D+01, 0)
I: (0, 0.3606560D+01)

8 83O nY oo NN D

SIGMA = 0.30D0; A(6) = 0.60D0

c(o)
c(1)
c(2)
C(3)
c(4)
c(5)
C(6)
B(6,0)
B(6,1)
B(6,2)
B(6,3)
B(6,4)
B(6,5)
SCALED
SCALED

9543/50000
0

-1078528/11578125
=93194543/5047350000
54459/5125000
189243/2200000
13578125/16476096
4412352476/8486328125
-33320484/67890625
338943067216/806201171875
~5382504160943/7094570312500
89887658679/169726562500
35427725424/93349609375
NORM OF TEC, G*(5) = 0,1670540D-02
STABILITY LIMITS R: (=0.2737667D+01, 0)
I: (0, 0.3606560D+01)

By o ann
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TABLE V.~ Cantinued

(b) Continued

STOMA = 0,35D0; A(6) = O.HODO

C(0) = B30677/7200000

C(1) s O

c(2) = 14337008/41859375

C(3) = 6313094879/765943200000

C(4) = =143423/32250000

C(5) = =527U409/59400000

C(6) = 1114759375/1777574592

B(6,0) = 357458032U45261/150492515625000

B(6,1) = 36919674U4/1114759375

B(6,2) = -962010407052128/1787098623046875

B(6,3) = -21076530101281837/31452935765625000

B(6,4) = 1712370111016/3483623046875

B(6,5) = U4200945736554/7663970703125

SCALED NORM OF TEC, G%(5) = 0,2290976D=-02

SCALED STABILITY LIMITS R: (~0.2567429D+01, 0)

I: (0, 0.3606560D+01)

SIGMA = 0.40D0; A(6) = 0.40D0

C(0) = 27781/225000

c(1) = 0

C(2) = 4030464/12765625

€(3) = -4826809/2915550000

C(4) = 11147984375

C(5) = ~40288/1753125

C(6) = 13346875/22842288

B(6,0) = 76210981292/225228515625

B(6,1) = =11195344/6673U375

B(6,2) = -3146683828928/21396708984375

B(6,3) = -42194535738914/47072759765625

B(6,4) = 26701738896/41708984375

B(6,5) = 58049867904/91759765625

SCALED NORM OF TEC,

G*%(5) = 0.2880000D=-02

SCALED STABILITY LIMITS R: (=0.2U34750D+01, 0)

I: (0, 0.3606560D+01)
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TABLE V.~ Continued
(b) Continued

6313/50000

8
(1) = 0
c€(2) = 939984/3859375
C(3) = =79085409/6729800000
C(4) = 276777/41000000
C(5) = 1288629/17600000
C(6) = 24690625/43936356
B(6,0) = 7205960559/15431640625
B(6,1) = =97364088/123453125
B(6,2) = 5319618965u44/1466005859375
B(6,3) = =7208130979231/6450425781250
B(6,4) = 120503849193/154316406250
B(6,5) = 118047108816/169748046875
SCALED NORM OF TEC, G%(5) = 0,3502154D=02
SCALED STABILITY LIMITS R: (-0.2328889D+01, 0)
I: (0, 0,3606560D+01)
SIGMA = 0,50D0; A(6) = 0.40DO
C(0) = 7T21/5760
c(1) = 0
C(2) = 51274275
€(3) = -371293/18860160
c(4) = 107/9600
C(5) = 987495
C(6) = 30625/54144
B(6,0) = 9933211/16537500
B(6,1) = -U43856/30625
B(6,2) = 51378752/56109375
B(6,3) = =-4458159667/3456337500
B(6,4) = 677552/765625
B(6,5) = 1213728/1684375

SCALED NORM OF TEC,

G¥(5) = 0.4207160D=-02

SCALED STABILITY LIMITS R: (=0.2243600D+01, 0)

I: (0, 0.3606560D+01)
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TABLE V.~ Continued
(k) Continued

SIGMA = 0.55D0; A(6) = 0.40D0 ‘

C(0) = 874507/7200000

c(1) = 0 ‘
C(2) = =-5155568/82828125

C(3) = =159284697/6946400000

C(4) = 1763147/58500000

C(8) = 1459733/4200000

C(6) = U447859375/742577472

B(6,0) = 42737353009567/60461015625000 |
B(6,1) = -4377093688/2239296875 ;
B(6,2) = 1001659717578784/717974560546875 !
B(6,3) = -1571898291387749/1148759296875000

B(6,4) = 1293377129187/1399560546875

B(6,5) = 195073554858/279912109375

SCALED NORM OF TEC, G%(5) = 0,5955773D-02
SCALED STABILITY LIMITS R: (-0.2174364D+01, 0) 2
I: (0, 0.3606560D+01)

SIGMA = 0.60D0; A(6) = 0.10D0 {

C(0) = 23929/150000 i
c(1) = 0 \
C(2) = 5652487296875

C(3) = -6311981/19950000

C(4) = 19899/125000

C(5) = -8208/3125 %
C(6) = 289/168 |
B(6,0) = -1213233/1445000 5
B(6,1) = 24/5

B(6,2) = -61850336/17159375

B(6,3) = 265378841/302005000

B(6,4) = -437346/903125 i
B(6,5) = 495936/1986875 ‘
SCALED NORM OF TEC, G*(5) = 0.6109403D~02

SCALED STABILITY LIMITS R: (=0.2117500D+01, 0)
I: (0, 0.3606560D+01)
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TABLE V.~ Continued
(b) Continued

SIGMA = 0,66D0; A(6) = 0.10D0

C(0) = 2150839/14400000

C(1) = 0

C(2) = UT449792/29390625

C(3) = =27797593031/71227200000

C(4) = 7951619/42000000

C(5) = =16920449/9900000

C(6) = 112799/98406

B(6,0) = -366959163251/487291680000

B(6,1) = 4844333/1127990

B(6,2) = -588204877546/180830896875

B(6,3) = 60U48781368877/9258541920000

B(6,4) = ~725826801/22559800000

B(6,5) = 428189853/1127990000

SCALED NORM OF TEC, G%*(5) = 0.5947044D-02

SCALED STABILITY LIMITS R: (-0.2070923D+01, 0)
I: (0, 0.3606560D401)

SIGMA = 0.70D0; A(6) = 0.10D0

C(0) = 126439/900000

c(1) = 0

C(2) = 5406U64/3859375

C(3) = =2747196907/5454900000

C(4) = 652197281250

C(5) = =1016407/825000

C(6) = 26123/27144

B(6,0) = -6659987/11677550

B(6,1) = 441028/130615

B(6,2) = =-105258859888/4 478434375

B(6,3) = 74987588767/184265111250

B(6,4) = -50534211/326537500

B(6,5) = 81719274/179595625

SCALED NORM OF TEC, G*%(5) = 0.5457097D=02

SCALED STABILITY LIMITS R: (=0.2032714D+01, 0)

I: (0, 0.3606560D+01)
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TABLE V.~ Continued
(b) Continued

SIGMA = 0.75D0; A(6) = 0,10D0

\ c(o0)

= 1019/7680
fi Cc(1) = 0
y c(2) = 352/285
' C(3) = ~371293/535040
c(h) = 189/6H0
. C(5) = -1647/1760
C(6) = 29/30
¥ B(6,0) = ~2463/7424
5 B(6.1) = 129758
' B(6.2) = -4206/2755
g B(6,3) = 327691/1551616
: B(6.4) = -279/9280
: B(6,5) = 2313/5104
' SCALED NORM OF TEC, G¥#(5) = 0.4661104D=02

SCALED STABILITY LIMITS R: (-0.2001200D+01, 0)
I: (0, 0.3606560D+01)

SIGMA = 0.80D0; A(6) = 0.10D0

C(0) = 393/3125
C(1) = o0
C(2) = 50069504/45421875
C(3) = -24876631/23512500
C(4) = 18544/46875
C(5) = =227072/309375
C(6) = T15/612
B(6,0) = -650311/12065625

\ B(6,1) = 3272/3575

| B(6,2) = -415033376/1146234375
B(6,3) = 18109624/193978125
B(6,4) = T6432/2234375
B(6,5) = 1834368/4915625
SCALED NORM OF TEC, G*(5) = 0.3620387D-02

SCALED STABILITY LIMITS R: (=0.1974750D+01, 0)
I: (0.1676275D+0, 0.2094762D+01)
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TABLE V.= Continued
(b) Continued

SIGMA = 0.85D0; A(6) = 0.10D0
C(0) = 1721699/14400000
C(1) = ¢
C(2) = 50457088/50765625
C(3) = -37234375919/19060800000
C(4) = 10236091/18000000
C(5) = =1944103/3300000
C(6) = 12089/6498
B(6,0) = 14522782003/52224480000
B(6,1) = =72913/120890
B(6,2) = 146868746/145715625
B(6,3) = 24076851851/574469280000
B(6,4) = 104040561/2417800000
B(6,5) = 308770881/1329790000
SCALED NORM OF TEC, G¥(5) = 0.2442667D-02

SCALED STABILITY LIMITS R: (-0.1952000D+01, 0)
T:  (0.1501106D+0, 0.2144200D+01)

SIGMA = 0.90D0; A(6) = 0.10DO

C(0) = 2849/25000
C(1) = 0
C(2) = 1879296/2078125
C(3) = -U455516/653125 .
C(4) = 114939/125000 i
C(5) = -265113/550000 ‘
C(6) = T13/112
B(6,0) = 629873/891250
B(6,1) = -8892/3565
B(6,2) = 113733424/42334375

: B(6,3) = 214123/12017500

g, B(6,4) = 144081/8912500

Ry B(6,5) = 328356/4901875

: SCALED NORM OF TEC, G%(5) = 0,1288702D-02

SCALED STABILITY LIMITS R: (-0.1931111D+01, 0)
I: (0.1371556D+0, 0.2158556D+01)
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TABLE V.~ Continued
(b) Conaluded

SIGMA = 0.95D0; A(6) = 0.1D0

4
c(0) = 1567469/14400000
c(1) s 0 %
c(2) = 894368/1078125
c(3) = T146276371/1108800000 '
c(y) = 11800007/6000000
c(5) = =11919137/29700000
2. c(6) = =69107/8694
&, B(6,0) = 384031234573/298542240000
e B(6,1) = -3424921/691070
B(6,2) = 278486U6U422/5830903125
B(6,3) = -128214678219/3283964640000
B(6,4) = -201293489/13821400000
B(6,5) = -401374449/7601770000 ]
SCALED NORM OF TEC, G*(5) = 0.3789098D-03
SCALED STABILITY LIMITS R: (-0.1910421D+01, 0) .
I: (0.1273168D+0, 0.2157653D+01)
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TABLE V,~ Continued
(@) Scaled, fifth-order algorithm

(8 s B /0 for ksl,.ee,5} A 8 1,..4,k=1; where 8 A
A P ne anacated cooffiotenta (table V(a))  ¥**

SIGMA = 0.5000000D-01;

A(1) = ,5000000000000000D+01

A(2) = ,7500000000000000D+01

A(3) = « 1846153846 153846D+02

A(4) = .2000000000000000D+02

A(5) = ,1000000000000000D+02

A(6) = .3500000000000000D+00

A(7) = ,8500000000000000D+00
= C(0) = .1049397167478102D+00 :
' C(1) = ,0000000000000000D+00

C(2) = -.3224643108141323D-04

C(3) = -.1766214053432440D-05

C(4) = +9424013548044395D~06

C(5) = ,1535439210883020D~04

C(6) = «5214284718493537D+00

C(7) = .3736495272545072D+00

BO(6) = .3361810372988544D+00

B(6,1) = ,1367307147892028D~01

B(6,2) = .0000000000000000D+00

B(6,3) = .6521568195420585D~02

B(6,4) = -.6375676973195225D-02

B(6,5) = .0000000000000000D+00

BO(7) = -.3658580877472001D+00 :

B(7,1) = ~.2014534506081222D~01 ;

B(7,2) = ,1087644986101981D-02 i

B(7,3) = -.1281692109667515D-01 |

B(7,4) = ,1138192692070809D~01 i

B(7,5) = .3116907521207185D~02

B(7,6) = ,1233233874476670D+01

SCALED NORM OF TEC, G*(6) = ,25U46697D-06

SCALED STABILITY LIMITS R: (=.1114D+02, 0.0)
I: (0.0, 0.0)
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TABLE V.~ Continued

(a) Continued

A
! SIGMA = 0.1000000D+00
).
) AC1) = ,2500000000000000D+01
. A(2) = ,3750000000000000D+01
g A(3) = ,9230769230769231D+01
{- A(l) = ,1000000000000000D+02
g A(5) = .5000000000000000D+01
¥ A(6) = ,2500000000000000D+00
, A(7) = .8000000000000000D+00
{ C(0) = .UU51274470899470D-01
) c(1) = .H000000000000000D+00
] c(2) = =-.3809536323995350D-03
C(3) = -.2611573247839896D-04
c(4) = .1403588681849550D-04
C(5) = .2046345300480637D-03
C(6) = .4800625645242541D+00
C(7) = .U756130897147626D+00
BO(6) = .220941154843U4050D+00 J
B(6,1) = .U4133458669904354D-01 "
B(6,2) = .0000000000000000D+00
B(6,3) = -.6587223327993963D=01
B(6,4) = .5359649173749108D~01
B(6,5) = .0000000000000000D+00
BO(7) = ~-.4295673021976385D+00
B(7,1) = =-.4751223112567721D=-01
B(7,2) = .5651231138285231D-02
B(7,3) = .4675086696685042D~01
B(7,4) = -.4084578133162770D=01 - @
B(7,5) = .1644610650843368D~01
B(7,6) = .1249077110041374D+01
3 SCALED NORM OF TEC, G*(6) = .4513416D-05
i SCALED STABILITY LIMITS R: (-.7030D+01, 0.0)
i I: (0.0, .3604D+01)
SIGMA = 0.1500000D+00
A(1) = .1666666666666667D+01
A(2) = ,2500000000000000D+01
A(3) = .6153846153846154D+01
A(4) = ,6666666666666667D+01
A(5) = .3333333333333333D+01 ‘
A(6) = ,U4500000000000000D+00 ,
A(7) = .9000000000000000D+00 5
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TABLE V.~ Continued

(e) Continued

4
SIGMA s 0,1500000D+00 - Conoluded
C(0) = .1481595058054086D+00
C(1) = ,0000000000000000D+00
C(2) = ,4986595268659456D-02
C(3) = .2380882100418878D-03
C(4) = -.1262747900722378D-03
C(5) = -,2228476440022090D-02
C(6) = .599U4112564550854D+00
C(7) = ,2495593054908990D+00
BO(6) = .5120271325556084D+00
B(6,1) = =-.1699243281016840D+00
B(6,2) = ,0000000000000000D+00
B(6,3) = .6529719757685093D+00
B(6,4) = ~.5450747802224337D+00
B(6,5) = .0000000000000000D+00
BO(7) = -.725212058U4774573D+00
B(7,1) = .4835916557695700D+00
B(7,2) = =.7917604295877293D~01
B(7,3) = -.1524709383928742D+01
B(7,4) = .1279935176012341D+01
B(7,5) = -.4379297707736362D~02
B(7,6) = .1469949951290798D+01 A
SCALED NORM OF TEC G*(6) = .1162557D=03 ‘
SCALED STABILITY LIMITS R: (-.4333D+01, 0.0)
I: (0.0, 0.0) f

SIGMA = 0.2000000D+00 i

o A(1) = ,1250000000000000D+01
S A(2) = ,1875000000000000D+01
. A(3) = .461538U4615384615D+01 |
. A(4) = ,5000000000000000D+01 :
Wls A(5) = ,2500000000000000D+01
) A(6) = ,4166666666666667D+00
Rk A(7) = .1000000000000000D+01
i C(0) = ,1249895238095238D+00 -
- C(1) = ,0000000000000000D+00
A C(2) = =,1741280111844235D-01
AY C(3) = -,1726641291560977D-03
¥ C(4) = .8289177489177480D-04
. C(5) = ,4130724386724384D-02
. C(6) = .626876025694822U4D+00
€%
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TABLE V.~ Continued

(a) Continued

SIGMA = 0.2000000D0+00 -~ Coneluded

c(7) +261506299581636 1D+00

BO(6) = ,3254591429778346D+00
B(6,1) = .1025625465501136D+00
B(6,2) = ,0000000000000000D+00
B(6,3) = ~.3988396535323532D-01
B(6,4) = .2853894249195378D-01
B(6,5) = .0000000000000000D+00
-, BO(7) = -.2425211742757191D+00 ;
’ B(7,1) = -.3082978320350140D+00 ,
B(7,2) = .1087182249969155D+00 !
B(7,3) = .5726610466691963D-02 |
B(7,4) = -,9043353051320651D=-02
B(7,5) = .U706619454105489D=01
B(7,6) = .1398351329357391D+01 N
SCALED NORM OF TEC, G*(6) = .3767397D-04

SCALED STABILITY LIMITS R: (=.5910D+01, 0.0)
I: (0.0, 0.0)

SIGMA = 0.2500000D400

AC1) = ,1000000000000000D+01 1

A(2) = ,1500000000000000D+01 )

A(3) = ,.3692307692307692D+01

A(4) = ,4000000000000000D+01 |
A(5) = .2000000000000000D+01 !
A(6) = ,2500000000000000D+00

A(7) = .1000000000000000D+01

C(0) = .1655712632275131D-01

C(1) = ,0000000000000000D+00 : !
C(2) = -,2093054859370649D+00

C(3) = -.3710393274856326D-02

C(4) = ,1899140211640211D=02

C(5) = .5601808905380333D=01

C(6) = .5740214933894104D+00

C(7) = .5645200302343159D+00

BO(6) = =-.1203859697625723D+00

B(6,1) = .6481601383594973D+00

B(6,2) = ,0000000000000000D+00

B(6,3) = -,1606106242091659D+01

B(6,4) = .1328332073494734D+01

B(6,5) = .0000000000000000D+00 .
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TABLE V.- Continued

(o) Continued

SIGMA = 0,2500000D+00 - Concluded

BO(7) = ,4213556639043061D+00
B(7,1) = =.1014313258174223D401

. B(742) = .5391994767100782D+00
§ B(7,3) a .1293016808117887D+01
lg B(7,4) = =,1127796866749287D+01
e B(7,5) = .1259148909495025D+00
] B(7,6) = .7626232852417356D+00
= SCALED NORM OF TEC, G"(6) = ,1642604D-02
- SCALED STABILITY LIMITS R: (=.2500D+01, 0.0)
B! I: (0.0, .2516D401)
=it
= SIGMA = 0.3000000D+00
)
0 A(1) = .8333333333333333D+00
N A(2) = ,1250000000000000D+01
: A(3) = .3076923076923077D+01
_ A(4) = ,3333333333333333D401
g A(5) = ,1666666666666667D+01
> : A(6) = ,3750000000000000D+00
- A(7T) = ,1000000000000000D+01
C(0) = .1109941269841270D+00
; C(1) = .0000000000000000D+00
o C(2) = -.1613703745076978D+00
" C(3) = -.2768584710515157D-03 g
o C(H) = .1128738143144574D-03
" C(5) = .1775009635525763D-01 ‘
C(6) = .5762960567119235D+00
C(7) = .4564940791131267D+00
BO(6) = .2715404261444098D+00
B(6,1) = .1119600064787936D+00
o ' B(6,2) = ,0000000000000000D+00
. B(6,3) = -.2085435304556424D=01
B(6,4) = ,1235392042236091D-01
B(6,5) = .,0000000000000000D+00
BO(7) = .5751495035304226D=01
B(7,1) = -.6919211292481326D-01
B(7,2) = .1798826360429507D+00
B(7,3) = =.1171397638691662D+00
B(7,4) = ,7850184104819526D-01
B(7,5) = .8140789914156719D-01
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TABLE V,~ Continued

(a) Centinued

SIGMA = 0,3000000D0+00 ~ Coneluded

B(7,6) = .7890245502082241D+00
SCALED NORM OF TEC, G*(6) = ,2347766D-03

SCALED STABILITY LIMITS R: (-.4040D+01, 0.0)
I: (.3213D+01, .4014D+01)

SIGMA = 0.3500000D+00

SCALED STABILITY LIMITS R: (=.3514D+01, 0.0)

AC1) = 7142857142857 143D+00
A(2) = .10714285714285710+01
A(3) = .2637362637362637D+01
A(4) = ,2857142857142857D+01
A(5) = .1428571428571429D+01
A(6) = .3500000000000000D+00
A(7) = .1000000000000000D+%1
C(0) = .1032286673280424D+00
C(1) = .0000000000000000D+00
c(2) = -.8356817496767217D+00
C(3) = =.3189722973458971D=03
C(4) = .1163503908247497D-03
C(5) = .3443927419894305D-01
C(6) = .5408204216019118D+00
C(7) = .1157396008454346D+01
l BO(6) = .250723U4172155856D+00
, B(6,1) = .1033357672502307D+00
: B(6,2) = .0000000000000000D+00
‘ B(6,3) = .U43843U5507637338D-02
il B(6,4) = -.8U443529973453679D=-0>
k: B(6,5) = .N000000000000000D+00
i BO(7) = .1955200897459099D+00
B B(7,1) = .3616055310818360D+00
g B(7,2) = .1180200252745648D+00
b B(7,3) = -.9034508634562335D-01
i B(7,4) = .6158814766864584D=01
4 B(7,5) = .4988355248092283D-01
1 B(7,6) = .3037277400936440D+00
g SCALED NORM OF TEC G*(6) = .49772U49D-03




TABLE V.~ Continued

(o) Continued

A
SIGMA = 0,4000000D+00

AC1) = .6260000000000000D+00
A(2) s .9375000000000000D4+00 i
A(3) s .2307692307692308D+01
A(H) o .25000000000000000401
A(5) = .1250000000000000D401
A(B) = .3125000000000000D+00
A(7) s ,1000000000000000D4+01
C(0) = .9098835978835973D01 ‘
C(1) = .0000000000000000D+00 :
C(2) = .1511689766638819D401 |
C(3) = -.1233204211195182D-02 |
C(4) = .5517641723355987D-03 |
C(5) = .9218955266955256D-01
C(6) = .48B9BB13273626355D+00
C(7) = =.1184067566420507D401 ,(
BO(6) = .1997487995087127D+00
B(6,1) = .1349930681999413D+00
3(6,2) = ,0000000000000000D+00
B(6,3) = -.1043230585626922D400 |
B(6,4) = .8208119085403821D-01 |
B(6,5) = .0000000000000000D+00 ;
BO(7) = .2“002“8761202671D+00 j
B(7,1) = .1342029463421628D+01
B(7,2) = -.2592274“501219690+00
B(7,3) = « 1212229776 127820D+00
B(?g“) = -.721687901“02069“D-01
B(7,5) = =.7744341804365747D-01

B(7,6) = -,2844376639586156D+00
SCALED NORM OF TEC, G*(6) = .8575443D-03
SCALED STABILITY LIMITS R: (=+3425D+01, 0.0)
I: (.2586D+01, ,3581D+01)

SIGMA = 0.4500000D+00

A(1) = ,5555555555555556D+00
A(2) = .8333333333333333D+00

A(3) = ,2051282051282051D+01

ACY) 2 .2222222222222222

A(5) 2 J1HPT1111111111111D409

A(6) = ,2727272727272727D+00

A(7) = ,1000000000000000D+01
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TABLE V.-~ Continued

(e) Centinued

SIOMA = 0,4500000D+00 - Conaluded

77661083531746098D-01

(o) =

C(1) = ,0000000000000000D+00 ’
C(2) = .8028613631375733D+00 |
C(3) = =.2922890071768901D=02 ‘
C(H) = ,1358100363367199D=-02

C(5) = ,2768295086840867D+00

C(6) = .U4372140992518053D+00

C(7) = =.5929020166825045D+00

BO(6) = .1603284068985282D+00 ;
B(6,1) = .1444873883601111D+00

B(6,2) = ,0000000000000000D+00

B(6,3) = =-,1651287642084786D+00

B(6,4) = ,1330402416771120D+00

B(6,5) = .0000000000000000D+00

BO(7) = =.5813U416834062475D=01

B(7,1) = .3023191015738038D+01 i
B(7,2) = =.1433U450595013702D+01

B(7,3) = .5620883331165248D+00

B(7,4) = -.3351779271591276D+00 ‘
B(7,5) =_-.2222157495600493D+00 *
B(7,6) = =.5363009087810589D+00

SCALED NORM OF TEC, G*(6) = ,1500875D-02 ;
SCALED STABILITY LIMITS R: (=+3202D+01, 0.0)
I: (.2360D+01, .3407D+01)

SIGMA = 0.5000000D+00

A1) = .50000000000000000400

A(2) = .7500000000000000D4+00

A(3) = .18M46153846153846D+01

A(YH) = ,2000000000000000D+01

A(5) = +1000000000000000D+01

A(6) = ,.5200000000000000D+00 : . i
A(T) = ,4700000000000000D+00 !
C(0) = .1098854553641793D400

c(1) = ,0000000000000000D+00

C(2) = .1044158498385370D+01

C(3) = .7965416675785862D-02

C(4) = -,4048207871737286D-02
C(5) = =.6578827357129257D=01
C(6) = =,3612366225695946D4+01 ]




TABLE V,~ Continued

(a) Continued

SIGMA = 0,5000000D+00 ~ Canaeluded 4

BO(6)

B(6,1)
B(6,2)
B(6,3)
B(6,4)
B(6,5,
BO(7)

B(7,1)
B(7,2)
B(7,3)
B(7,4)
B(7,5)
B(7,6)

SCALED NORM OF TEC,

emn

+3520193336713641D+01

«2336973664450301D+00
2892124854846433D+00
.0000000000000000D+00
»2331250273933592D=01
-,2622235466900938D-01
»0000000000000000D+00
+2185627558257097D+00
.2011231844500803D+00
=.5017373261354327D=01
50579049669 13352D-01
-.4336585528124070D~01
-+ 1589391712042916D~-01
. 1091685150702896D+00

SCALED STABILITY LIMITS R:

I:

G*(6) = .3295725D-03

(-03u02D+°1' °o°> ‘
(0.0, .1181D+01) ‘

SIGMA = 0.5500000D+00

A1)
A(2)
a(3)
A(Y)
A(5)
A(6)
A(T)
c(0)
c(1)
c(2)
c(3)
c(l)
c(5)
c(6)
c(7)
BO(6)
B(6,1)
B(6,2)
B(6,3)
B(6,4)
B(6,5)

2 N N e oo s e w8 BN NN 00N

JUBUSH5UEUEL5U5U5D400
.6818181818181818D+00
+1678321678321678D+01
.1818181818181818D+01
+909090909090909 1D+00
+2600000000000000D+00
.8300000000000000D+00
7785029189 100709D=01
.0000000000000000D+00
+3979374013823073D+00
«2019117U455361709D=02
-+1028655979078399D-02
«2213041356 15932 1D+00
+3940643461671919D+00
-.9214663653272163D=01
» 1304931589926324D+00
+1695041979055356D+00
.0000000000000000D+00
=,2107469964831939D+00
+1707496395850258D+00
.0000000000000000D+00
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TABLE V.~ Continued :

(a) Continued

SIGMA = 0.5500000D+00 ~ Conoluded

BO(7) s =.1218612445012908D+01
B(7,1) = .1169830944584696D+02
B(7,3) = .3063253945594024D+01
B(7,4) = -.18U46156898922458D+01
B(7,5) = -.2128387752352545D+01
B(7,6) = -,2691828653522487D+01 |

SCALED NORM OF TEC, G¥(6) = .3221258D-02
SCALED STABILITY LIMITS R: (=-.2764D+01, 0.0)
I: (.1988D+01, .2991D+01)

SIGMA = 0.6000000D+00

A(1) = .4166666666666667D+00
A(2) = .6250000000000000D+00
A(3) = .1538461538461538D+01
A(l) = ,1666666666666667D+01
A(5) = ,.8333333333333333D+00
A(6) = .3300000000000000D+00
A(7) = .7200000000000000D+00 1
C(0) = .9356034471701149D-01
c(1) = .0000000000000000D+00
Cc(2) = -,6u489274121253184D+00
C(3) = .1482179832556871D~01
C(4) = =.7113612427683299D~02
€(5) = -.2477401180821677D=02
C(6) = .5625659895314581D+00
c(?7) = .9875702931597852D+00
BO(6) = .1382626113915072D+00
B(6,1) = .23U46911060269583D+00
B(6,2) = .0000000000000000D+00
B(6,3) = =-.2203622318524367D+00
B(6,4) = .1774085144339713D+00
B(6,5) = .0000000000000000D+00
BO(7) = .1691491924658049D+00
B(7,1) = .1686177657726157D+00
B(7.2) = -.2725776674174607D=-02
B(7,3) = =.5296532249363373D-01
B(7,4) = .2281937886921284D-01
B(7,5) = .1929426157938227D+00
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TABLE V.= Continued ;
(e) Continued
SIGMA = 0,6000000D+00 = Coneluded 4
B(7,6) = .,2221621462663522D+00
SCALED NORM OF TEC, G*"(6) = .3812914D=02 !
SCALED STABILITY LIMITS R: (=.2700D+01, 0.0) :
I: (.1870D+01, .2978D+01) ,
SIGMA = 0.6500000D+00 j
A(1) = ,3846153846153846D+00
A(2) = .5769230769230769D+00
A(3) = .1420118343195266D+01 i
A(4) = ,1538461538461538D+01 |
A(5) = .7692307692307692D+00
A(6) = ,4500000000000000D+00 |
A(7) = .6000000000000000D+00
C(0) = ,1019736151528440D+00
C(1) = .,0000000000000000D+00
C(2) = -,166U646463782353D+02
C(3) = .3534560752026778D-01 r
C(H) = =.1655062970211546D=01 1
C(5) = -.1697810990360506D+00
C(6) = .2717921870222296D+01
C(7) = .1497755527366629D+02
BO(6) = .1620346888601602D+00
B(6,1) = .3012732832271356D+00 ;
B(6,2) = .0000000000000000D+00
B(6,3) = -.4942796664665503D~01
B(6,4) = ,3611999455935920D~01
B(6,5) = .0000000000000000D+00
BO(7) = .1359503855491384D+00
B(7,1) = .U4594121042544327D+00
B(7,2) = -.2395746072222467D-01
B(7,3) = .13253632U43626399D-01
B(7,4) = -.8761545135178338D=02 |
B(7,5) = .2931812700755386D-02 i

B(7,6) = .,2117107091681247D-01 4
SCALED NORM OF TEC, G*(6) = .1775157D=02
SCALED STABILITY LIMITS R: (-.3209D+01, 0.0)
"It (.2108D+01, .3636D+01)
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TABLE V.~ Continued

(e) Continued

SIGMA = 0.7000000D+00

+ 357142857 142657 1D+00

A1) ™
A(2) = .5357142857142857D+00
A(3) = .1318681318681319D+01
ACY4) = .1428571428571429D+01
A(5) = .7142857142857143D+00
A(6) = ,4600000000000000D+00
A7) = .5900000000000000D+00
C(0) = .9938619271813810D=01
C(1) = .0000000000000000D+00
B C(2) = =-,1164829345465175D+02
C(3) = .56069U47796913903D=01
C(4) = =.2523500352943741D=-01 ‘
C(5) = -.3070367817657410D+00
C(6) = .4963332U54942884D+01
C(7) = .7861777114316768D+01 |
BO(6) = .1571494738728330D+00 {
B(6,1) = .3031440894261848D+00
B(6,2) = .0000000000000000D+00
B(6,3) = .1862196774786961D~01
B(6,4) = -.1891553104688739D-01
B(6,5) = .0000000000000000D+00
BO(7) = .1009320434329384D+00
B(7,1) = .5122075870474418D+00
B(7,2) = =.7802727655440578D-01
B(7,3) = .1537488043439003D-01 ]
B(7,4) = =-.4453448339869780D-02 ]
B(7,5) = -.4789538986188459D-02 !

B(7,6) = .UB75575296569375D-01
SCALED NORM OF TEC, G*(6) = .1430145D-02
SCALED STABILITY LIMITS R: (-.3907D+01, 0.0)
I: (0.0, 0.0)

SIGMA = 0.7500000D+00

AC1) = +3333333333333333D+00
A(2) = ,5000000000000000D+00
A(3) = .1230769230769231D+01
A(4) = ,1333333333333333D+01
A(5) = .666666666666666TD+00
A(6) = ,45000000000000005+00 !
A(7) = ,5900000000000000D+00 !




TABLE V.~ Continued
ta) Continued

SIGMA = 0.7500000D+00 - Conaluded

€(0) = .9587638580619913D=01
c(1) s ,0000000000000000D+00
C(2) = =.9934257866889451D+01
C(3) = .8389383603325926D~01
C(4) = =.3592910703709527D=01
C(5) = =.5843105264300945D+00
C(6) = .6498344B99417760D+01
C(7) = .4876382379099422D+01
BO(6) = .1505270475603677D+00
B(6,1) = ,2921683987U467562D+00
B(6,2) = .0000000000000000D+00
B(6,3) = .5731899393434687D-01
B(6,4) = -.5001444024147078D=01
B(6,5) = .0000000000000000D+00
BO(7) = .3404453725296851D-01
B(7,1) = .6907242066214459D+00
B(7,2) = -.2264502174892697D+00
B(7,3) = .UuB79U4T377765493D-02
B(7,4) = .1726173816542408D-01
B(7,5) = -.1373019934089543D-01
B(7,6) = .8366198741256116D-01

SCALED NORM OF TEC, G*(6) = .3651727D-02
SCALED STABILITY LIMITS R: (-.5201D+01, 0.0)
I: (0.0, 0.0)

SIGMA = 0,8000000D+00

A(1) = .3125000000000000D+00

A(2) = .4687500000000000D+00

A(3) = .1153846153846154D+01

A(4) = .1250000000000000D+01

A(5) = .6250000000000000D+00

A(6) = .4300000000000000D+00

A(7) = .5800000000000000D+00

c(0) = .9177701437947632D-01

. c(1) = .0000000000000000D+00
=3 c(2) = -.8899911158150710D+01
. C(3) = .1190999330473690D+00
™ C(4) = -.4779650070206462D-01
B c(5) = -.7674883851950577D+00
' C(6) = .679112569135047UD+01
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TABLE V.~ Continued

(c) Continued

STGMA = 0,8000000D+00 = Conoluded

.3713193405270513D+01

c(7) =
BO(6) = .1321587392059206D+00
B(6,1) = .29647151493885388D+00
B(6,2) = .0000000000000000D+00
B(6,3) = .1985878378477856D-01
B(6,4) = -, 18489072379237
B(6,5) = .0000000000000000D+00
BO(7) = -.2799871066013902D-02
, B(7,1) = .8198193282626641D+00
] B(7,2) = -.3747013763688526D+00
B(7,3) = .7113607481103113D-01
. B(7,4) = -.3002685456127201D-01
B(7,5) = .80766T4027364075D=-02
B(7,6) = .8849602489507914D-01

SCALED NORM OF TEC, G*(6) = .3770641D-02
SCALED STABILITY LIMITS R: (-.2700D+01, 0.0)
I: (.1606D+01, .3120D+01)

B s " A ae-y

SIGMA = 0,8500000D+00

AC1) = .2941176470588235D+00
A(2) = J4l11764705882353D+00
AC(3) = .1085972850678733D+01
ACH) = .1176470588235294D+01 y
A(5) = .5882352941176471D+00
A(6) = .4200000000000000D+00
A(7) = .5500000000000000D+00
, c(0) = .8791034006448265D-01
: : ¢(1) = .0000000000000000D+00
L c(3) = .1637724502289815D+00 J
: c(4) = -.6025067094271176D=01
: c(5) = =.6051223123962511D+00
. c(6) = .1221191469286895D+02 ;
| c(7) = .3527761078684070D+01
- BO(6) = .1184034763470802D+00
g B(6,1) = .3012366421081962D+00
g B(6,2) = .0000000000000000D+00
, B(6,3) = .9087546933044339D-02
| B(6.4) = -.B727665388320754D-02
B(6.5) = .0000000000000000D+00
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TABLE V.= Continued
(a) Continued

SIGMA = 0,8500000D4+00 ~ Coneluded 4

BO(7) = .8853309076199897D-02 |
B(7,1) = .7227588300733380D+00 !
B(7,2) = =.3160632625050489D+00 5
B(7,4) = =.1974686788002205D=01
B(7,5) = .6057946312381548D~02
B(7,6) = .9U474020936190329D=01

SCALED NORM OF TEC, a*(6) = .3611939D-02
SCALED STABILITY LIMITS R: (-.2788D+01, 0.0)
I: (.1605D+01, ,3232D+01)

SIGMA = 0,9000000D+00 1

A1) = 277777777T777778D+00
A(2) = .416666666666666TD+00 ‘
A(3) = .1025641025641026D+01
ACB) = .1111111111111111D+01
A(5) = .5555555555555556D+00
A(6) = .4100000000000000D+00 i
A(7) = .5000000000000000D+00 i
C(0) = .8376275842044271D=01 |
c(1) = ,0000000000000000D+00 !
C(2) = -.4632917846616554D+02 |
C(3) = .2117284305017549D+00 ]
C(4) = -.6815848169530956D-01 g
C(5) = .1372517577079254D+00 1
C(6) = .U4329054809328235D+02
C(7) = .3674045917948378D+01 i
BO(6) = .1057551781670995D+00 ,
B(6,1) = .3050248490658752D+00 _
B(6,2) = .0000000000000000D+00
B(6,3) = -.219459456U4576725D=02 1
B(6,4) = .1414567331602021D=02 :
B(6,5) = .0000000000000000D+00
BO(T) = .9727583942245832D-01
B(7,1) = .3n84586106037708D+00
B(7,2) = -.T42613106993U4527D-02
B(7,3) = .3707095614794195D=-01
B(7,4) = ~.2403224686884023D-01 4
B(7,5) = =~.3610608663030326D=01
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TABLE V.~ Concluded

(c) Concluded

SIGMA = 0.9000000D+00 - Concluded

B(7,6) s -12“75905839“9670D*00
SCALED NORM OF TEC, G*(6) = .3609105D=02
SCALED STABILITY LIMITS R: (-.2269D+01, 0.0)
I: (0.0, .1142D+01)

SIGMA = 0.9500000D+00

A(1) = .2631578947368421D+00
A(2) = .3947368421052632D+00
A(3) = .9716599190283401D+00
A(4) = .1052631578947368D+01
A(5) = .5263157894736842D+00
A(6) = .3750000000000000D+00
A(7) = .4500000000000000D+00
c(0) = .7875613278958027D-01
c(1) = .0000000000000000D+00
c(2) = -.1391893U465558086D+02
C(3) = .2U4915U45555366T49D+00
C(4) = -.61966U45U457142458D-01
C(5) = .76T77737840819843D+00
C(6) = .1113317718958223D+02
c(7) = .2752039448161809D+01
BO(6) = .1107858516039181D+00
B(6,1) = .1600964963528354D+00
B(6,2) = .0000000000000000D+00
B(6,3) = .3048371470891898D-01
B(6,4) = ~-.2636606266567253D-01
B(6,5) = .0000000000000000D+00
BO(7) = .1570928567435419D+00
B(7,1) = -.1943399739289811D-01
B(7,2) = .2592967819784316D+00
B(7’3) s “'3563381u808u851uD+00
B(T,4) = .2603695796445432D+00
B(7,5) = .1340898607825139D+00
B(7,6) = .1498306632871896D-01
SCALEY NORM OF TEC, G*(6) = .1910657D-01

SCALED STABILITY LIMITS R: (~-.1946D+01, 0.0)
I: (.1260D+01, .2208D+01)
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